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Abstract

We present a new analysis of the nonadiabatic coupling terms in the coupled equations for nuclear motion wave

functions when the Born–Oppenheimer (BO) representation is used for the electronic wave function. The new analysis

leads to a criterion for truncating the series and neglecting terms in the coupled equations of motion. We show that in

general the nonremovable part of the coupling is of the same magnitude as the removable part, except near intersections

of the adiabatic states. � 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

The Born–Oppenheimer (BO) separation of
electronic and nuclear motion (various formula-
tions are discussed in many places [1–4]) is fun-
damental to the quantum theory of molecules. The
success of this approach depends on the smallness
of the electronic-to-nuclear mass ratio, ð1=MÞ, in
atomic units where the electronic mass is unity.
The original paper by Born and Oppenheimer [5]
established the leading terms of asymptotic series

in powers of j ¼ ð1=MÞ1=4 for molecular wave
functions, energies, and other quantities of inter-
est. To lowest order in j, the molecular wave
function is expressible as a product of an electronic
and a nuclear part

Wðr;RÞ ¼ wðRÞuðr;RÞ; ð1Þ
where r and R are electronic and nuclear coordi-
nates respectively, wðRÞ describes the nuclear mo-
tion and uðr;RÞ is an eigenfunction of the
electronic Hamiltonian with the nuclei fixed at R.
It thus depends parametrically on R. Since the
time of Born and Oppenheimer, the method has
been extended and generalized in various ways,
but has remained the basis of most applications of
quantum mechanics to molecules.
It is also well known that there are many cases

in which the simple form (1) does not suffice, and
one needs to consider two or more electronic states
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for a good approximation. For example, one re-
quires more than one electronic state to apply
quantum mechanics to electronic-to-vibrational
energy transfer and photochemistry induced by
ultraviolet light. Furthermore, for any kind of
application, the simple form (1) breaks down if
two or more electronic states become degenerate,
or nearly so, for regions of interest in the R-space.
There is also the phenomenon of the geometric
phase, in which (1) suffices for a good description,
but uðr;RÞ is not single-valued in R (if taken to be
real and a smooth function of R) because of a
conical intersection of two electronic energy sur-
faces in some manifold (not necessarily that of
direct interest for the problem considered) of R-
space [6–11].
The plan of the paper is as follows. Section 2

presents an analysis of the coupling terms in the
coupled equations that one obtains when using a
BO adiabatic basis, and this analysis leads to cri-
teria for truncating the series. Section 3 examines
the consequences of the analysis for coupled
equations in other representations that may be
obtained by orthogonal transformations of the
adiabatic basis. Section 4 discusses approxima-
tions to the coupled equations. Section 5 discusses
the geometric phase approach. Section 6 contains
concluding remarks.

2. Decoupling the adiabatic representation

We use atomic units, in which electronic mass
and charge are unity, and the unit of length is the
Bohr. The Schr€oodinger equation satisfied by the
molecular wave function for a molecule with N
nuclei is�
� 1

2M
r2 þ ĤHelðRÞ

�
Wðr;RÞ ¼ EWðr;RÞ; ð2Þ

where the first term contains a 3N -dimensional
Laplacian, with nuclear coordinates mass-scaled as
necessary, and ĤHelðRÞ is the familiar electronic
Hamiltonian, an operator in the electronic space
that depends parametrically on R. Let r denote the
electronic coordinates. In the BO approach, one
expands Wðr;RÞ in eigenfunctions of ĤHelðRÞ

Wðr;RÞ ¼
X1
j¼1

wjðRÞujðr;RÞ; ð3Þ

where the ujðr;RÞ satisfy the eigenvalue equation

ĤHelðRÞujðr;RÞ ¼ VjðRÞujðr;RÞ; ð4Þ

and the normalization condition

hjðRÞjkðRÞi �
Z

u�
j ðr;RÞukðr;RÞdr ¼ djk: ð5Þ

The representation (3) with the condition (4) is
called the adiabatic representation. Inserting (3)–
(5) into (2), we obtain coupled equations for the
wj

� 1

2M
r2wj þ VjðRÞwj �

1

M

X1
k¼1

~FFjk  rwk

� 1

2M

X1
k¼1

Gjkwk ¼ Ewj; ð6Þ

where the gradient is 3N -dimensional,

~FFjkðRÞ ¼ hjðRÞjrkðRÞi

�
Z

u�
j ðr;RÞrukðr;RÞdr; ð7Þ

and

GjkðRÞ ¼ hjðRÞjr2kðRÞi

�
Z

u�
j ðr;RÞr2ukðr;RÞdr: ð8Þ

The nondiagonal terms involving ~FFjk and Gjk are
usually called nonadiabatic coupling terms.
It will be convenient to label the 3N nuclear

coordinates as xl; xm; . . ., and to define the vector
matrix ~FF with vector components Fl, Fm, etc. and
matrix elements ~FFjk, and similarly the scalar matrix
G with matrix elements Gjk.
The quantities ~FFjk and Gjk describe the coupling

between the different electronic states. They also
describe the way in which the electronic eigen-
functions uj depend on the nuclear coordinates.
Here we obtain a few useful properties of the
coupling quantities; this leads us into a discussion
of the permissibility of truncating the series (6)
after a small number of terms, a topic incorrectly
treated in a recent study [12].
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By differentiating (5) and using the definitions
(7) and (8), it is straightforward to obtain the
following relations:

~FFþ~FFy ¼ 0; ð9Þ

GþGy � 2~FF ~FF ¼ 0; ð10Þ

r ~FF ¼ G�~FF ~FF; ð11Þ

ð2~FF  r þGÞy ¼ 2~FF  r þG; ð12Þ

o

oxl
Fm �

o

oxm
Fl þ ½Fl;Fm� ¼ 0: ð13Þ

In obtaining (12), we have also made use of the
antihermitian character of r.
In atomic units, the nonrelativistic molecular

Hamiltonian without spin contains only one pa-
rameter, namely the small quantity 1=M . A
quantity such as a matrix element of Fl or G may
be zero if required to be so by symmetry, it may be
small if it contains a positive power of 1=M , or it
may be large near a singularity. Although one
cannot exclude rare cases where the magnitude of
a matrix element or its denominator is accidentally
small, considerable progress can be made by ex-
amining normal molecular situations where such
accidents do not occur.
There are at least two ways of getting insight

into typical magnitudes of the quantities ~FFkjðRÞ.
First, from the definition it is clear that

rujðr;RÞ ¼
X1
k¼1

~FFkjðRÞukðr;RÞ ð14Þ

so that the magnitudes of the ~FFkj are intimately
related to the magnitude of the gradients of the uj.
On the other hand, further insight can be gained
by an explicit expression for ~FFkjðRÞ, gained by
differentiating (4) and applying the definition (7)

~FFkjðRÞ ¼
hkðRÞjrĤHelðRÞjjðRÞi

VjðRÞ � VkðRÞ
ðk 6¼ jÞ: ð15aÞ

The electronic Hamiltonian, in the atomic units
used here, does not contain any large or small
parameter such as M or ð1=MÞ; all terms in it are
of order unity, inherently neither very large nor
very small. Accordingly, changes in a coordinate

xl that are very small in atomic units will produce
no significant change in ĤHel; changes of order unity
will produce substantial changes; while changes
large compared with unity will produce large
changes. Thus, one expects uj to change substan-
tially, i.e., by amounts of order unity, when the
coordinates change by one Bohr, meaning that
jrujj in normal molecular situations is expected to
be of order unity; and according to (14) this means
that at least some of the ~FFkjðRÞ must be of order
unity. Looking at (15a), one expects the numerator
to be of order unity, and well-behaved as a func-
tion of R, while the denominator, an energy dif-
ference between electronic levels, will also be of
order unity, leading to the same conclusion about
the typical magnitude of ~FFkjðRÞ. However, (15a)
provides us with one situation in which ~FFjk can
become large, namely in the near neighborhood of
a degeneracy, when the denominator becomes
vanishingly small. On the other hand, one occa-
sionally encounters the statement in the literature
that ~FFjk will be small if the energy denominators
are large enough. Eq. (15a) shows that this is true,
but many such denominators will be no larger than
order unity in atomic units. A large energy de-
nominator here means a denominator of many
Hartree units, something that appears only when
one of the states is very highly excited. We see,
therefore, that the ~FFkj are typically of order unity in
normal molecular situations.
Further insight into the coupling can be

achieved by considering a component (for example
that corresponding to the x coordinate of nucleus
A) of Eq. (15a) as

ðFAxÞkjðRÞ ¼
R
drukðr;RÞðoUðr;RÞ=oxAÞujðr;RÞ

VjðRÞ � VkðRÞ
;

ð15bÞ

where Uðr;RÞ denotes the sum of the electronic
and nuclear Coulomb interactions. The partial
derivative in (15b) is singular only when the co-
ordinates of two particles coincide, but the elec-
tron–electron and electron–nucleus singularities
are washed out by the integration over r. The
singularity when two nuclei coincide depends only
on R, and is thus diagonal in the electronic states;
and such diagonal elements are not governed by
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(15b). Consideration of oU=oxA thus adds further
weight to our conclusion that ~FFkjðRÞ is never sin-
gular or large in atomic units except at or near
(respectively) intersections of VkðRÞ and VjðRÞ.
In the traditional BO approach, one isolates

one state from the coupled Eq. (6), ignoring the
coupling of that state to all the others. Clearly, this
would be permissible, e.g., for state 1, if for some
region of interest S we had

~FFk1ðRÞ ¼ 0 ðR 2 S; k > 1Þ: ð16Þ
(If (16) holds, it is a consequence of (11) that a
similar result holds for G.) If (16) holds, however,
it is an immediate consequence of (14) that uj does
not vary with R at all, remaining ‘‘frozen’’ [13].
This will not happen, even approximately, in
normal molecular situations.
Many applications are concerned not with iso-

lating just one electronic state, but two, three, or
some other small number, q, of such states. We can
call this the generalized BO approximation. For
example, these might be the q states of lowest en-
ergy. If the q states of interest were uncoupled to
the rest of the states, we would have

~FFjkðRÞ ¼ 0; when j6 q; k > q: ð17Þ
Assuming that (17) holds, consider the projection
operator on the space spanned by the q states

P̂PqðRÞ ¼
Xq
k¼1

jkðRÞihkðRÞj: ð18Þ

Now consider the variation of the projection op-
erator with R. We find

rP̂PqðRÞ ¼
Xq
k¼1

fjrkðRÞihkðRÞj þ jkðRÞihrkðRÞjg

¼
X1
j¼1

Xq
k¼1

jjðRÞi~FFjkðRÞhkðRÞj
h(

þ jkðRÞi~FF �
jkðRÞhjðRÞj

i)
: ð19Þ

Now, it is easy to see with the aid of (9) that the
terms in the sum (19) with j6 q cancel out; for
example, the term in the first sum with j ¼ 1, k ¼ 2
is canceled by the one in the second sum with
k ¼ 1, j ¼ 2. This leaves only the terms with j > q,
k6 q. But if (17) holds, these vanish. Thus, if (17)

holds, the projection operator does not vary with
R in the region S, remaining frozen

P̂PqðRÞ ¼ P̂PqðR0Þ ðR;R0 2 SÞ: ð20Þ

Now, since evidently (for j6 q)

jjðRÞi ¼ P̂PqðRÞjjðRÞi; ð21Þ

we have for j6 q, using (18), (20), and (21):

jjðRÞi ¼ P̂PqðR0ÞjjðRÞi ¼
Xq
k¼1

jkðR0ÞihkðR0ÞjjðRÞi:

ð22Þ
Thus, if (17) holds it follows that the electronic
eigenstates over the whole region are expressible in
terms of a small number q of frozen states. This
does not happen, even approximately, in normal
molecular situations.
The discussion of Eqs. (16)–(21) shows that

assumptions about vanishing (or small) coupling
between subspaces in (6) lead to impossible con-
sequences about electronic states remaining frozen
(or nearly so). This reinforces the discussion of
Eqs. (15a) and (15b), which indicated that one
should not look for the justification of the BO or
generalized BO approximation in the properties of
the Fl, which are independent of 1=M , but rather
in the smallness of the 1=M prefactors in the third
and fourth terms of Eq. (6). To see this more
precisely, let us make the definition

ẐZ ¼ � ~FF  r



þ 1
2
G

�
; ð23Þ

and write the Hamiltonian operator on the left of
(6) in symbolic matrix form as

ĤH ¼ ĤH0 þ
1

M
ẐZ: ð24Þ

We note that ĤH0 is diagonal in the electronic
states, while ẐZ can have both diagonal and off-
diagonal elements. We now separate the column
vector W of the wk into a portionWq containing the
components 1� q and another portion WS con-
taining all the others. Similarly, we write the
Hamiltonian as

ĤH ¼ ĤHq
1
M ẐZqs

1
M Zsq ĤHs

 !
: ð25Þ
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The eigenvalue Eq. (6) can now be written:

ĤHqWq þ
1

M
ẐZqsWs ¼ EWq;

1

M
ẐZsqWq þ ĤHsWs ¼ EWs:

ð26Þ

The second equation of (26) has the formal solu-
tion

Ws ¼ ðE � ĤHsÞ�1
1

M


 �
ẐZsqWq: ð27Þ

Thus, we will have jWS j � jWqj if all of the fol-
lowing are true:
(i) M is large (it is),
(ii) the eigenvalues of ĤHs differ from E by
amounts of order unity or more in atomic units
(this is true for example if the q states of interest
are low-lying electronic states, with the others
separated from them by at least a sizable frac-
tion of an atomic unit, and if E is the energy
of a low-lying electronic state, plus relatively
small rovibrational contributions),
(iii) any powers of M contained in matrix ele-
ments of ẐZsq are less than 1 (in fact [4,5,14],
the highest power contained in such matrix ele-
ments is 1/4).
Let us assume that we have a problem in which

it is permissible (to a good approximation) to
truncate the expansion (3) after q terms. In this
case, we can write the eigenvalue Eq. (6) in matrix
form, isolating just the part referring to the q states
of interest�
� 1

2M
ðr
h

þ~FFðqÞÞ2 þ ð~FFðodÞ ~FFðodÞÞðqÞ
i
þ VðqÞ

�
WðqÞ

¼ EWðqÞ; ð28Þ
where~FFðodÞ is the part of~FF that couples the q states
of interest to the rest of the space (but which
contributes to the q part of ~FF ~FF), and we have
made use of (11). The term ð~FFðodÞ ~FFðodÞÞðqÞ would
vanish if (17) were satisfied. VðqÞ is the diagonal
matrix whose elements are the electronic eigen-
values Vj. When one tries to solve (28), one often
finds that the terms in ~FFðqÞ  r are troublesome
(because, among other reasons, they can be sin-
gular), so that it would be useful to find a trans-
formation that eliminates these terms. Therefore,
in the next section, we consider transforming to a
nonadiabatic representation.

3. Coupling in nonadiabatic representations

If we write

WðqÞðRÞ ¼ SðqÞðRÞX ðqÞðRÞ; ð29Þ
where SðqÞðRÞ is a unitary q-dimensional matrix to
be determined, we find that the transformed Eq.
(28) contains no terms in rX if SðqÞ satisfies

rSðqÞðRÞ þ~FFðqÞðRÞSðqÞðRÞ ¼ 0: ð30Þ
If one can solve Eq. (30), the resulting represen-
tation in terms of the components of X ðqÞ is called
a strictly diabatic representation (SDR). (It is
important to make the distinction between a
‘‘strictly diabatic’’ representation obtained from
an exact solution of (30), and an ‘‘approximately
diabatic’’ or ‘‘quasi-diabatic’’ one, resulting from
an approximate solution, although the latter are
often just called ‘‘diabatic’’ to avoid being pe-
dantic.) It is well known that quasi-diabatic rep-
resentations are very useful for a wide variety of
applications [15–20], but our concern here is with
the question of the existence of SDRs, a question
that is also widely discussed, but sometimes mis-
interpreted.
Eq. (30) takes a particularly simple form in the

common case in which q ¼ 2 and the states
involved can be taken to be real. In this case we
have

~FFð2ÞðRÞ ¼ 0 ~ff ðRÞ
�~ff ðRÞ 0


 �
: ð31Þ

The most general form of SðqÞðRÞ is

SðqÞðRÞ ¼ cos kðRÞ sin kðRÞ
� sin kðRÞ cos kðRÞ


 �
; ð32Þ

and (30) reduces to

rkðRÞ þ~ff ðRÞ ¼ 0: ð33Þ
Suppose there is a second solution of (30)

�SSðqÞðRÞ ¼ SðqÞðRÞUðqÞðRÞ; ð34Þ
where UðqÞðRÞ is again a unitary matrix. (Since SðqÞ

and �SSðqÞ are both unitary, they must satisfy a re-
lation such as (34).) Requiring that �SSðqÞ also satisfy
(30) leads to the requirement

rUðqÞðRÞ ¼ 0: ð35Þ
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In other words, U must be a constant matrix. If
q ¼ 2, this reduces to the familiar result that two
solutions of (33) can differ at most by an additive
constant.
One obtains a necessary and sufficient condition

for the existence of a solution of (30) by equating
second partial derivatives

o

oxl
FðqÞ

m � o

oxm
FðqÞ

l þ FðqÞ
l ;FðqÞ

m

h i
¼ 0; ð36Þ

where xl and xm are shorthand for nuclear coor-
dinates like xA and yB. If (36) is satisfied, then there
is an SDR, otherwise not. Eq. (36) resembles (13),
but it is different because of the contribution of the
off-diagonal terms introduced in (28), and this
difference is critical. Indeed it is easy to see from
(13) that

o

oxl
FðqÞ

m � o

oxm
FðqÞ

l þ FðqÞ
l ;FðqÞ

m

h i
¼ � FðodÞ

l ;FðodÞ
m

h iðqÞ
:

ð37Þ

Thus, we have a strictly diabatic basis if and only if
the right-hand side of (37) vanishes; in this case, as
we have seen above, the solution of (30) is unique
up to a constant matrix. If (36) is not satisfied,
then (30) has no solutions, unique or otherwise. If
q ¼ 2, and (30) is replaced by (33), then the re-
quirement (36) reduces to the well-known result
that the curl of a gradient must be zero [21].
As we have seen in the previous section, the

matrix elements making up the right side of (37)
are not zero or small in normal molecular situa-
tions, and the same will normally be true of the
commutator. A priori, as with the case of the
matrix elements themselves, there is no reason to
expect the right side of (37) to be either very large
or very small; any claim that it is so in a particular
case must be justified for that case.
Thus SDRs do not exist [21,22], although there

may exist nonunique quasi-diabatic representa-
tions which are useful in certain problems. In the
two-state case, one can always express ~ff as a sum
of a removable irrotational part with zero curl,
and a nonremovable solenoidal part [21]. More-
over, there are cases in which the removable part is
the larger and/or the more troublesome of the two.
In particular, the part that becomes singular as one

approaches a conical intersection, which is fre-
quently the most important part, is always re-
movable [21], as we now proceed to show.
The above analysis allows us to provide a gen-

eral criterion for when the singularity in the cou-
pling is removable. From the discussion of Eqs.
(15a) and (15b), it is clear that the q states selected
for applying the generalized BO approximation
should not exclude any states whose energies in-
tersect or come close to those of an included one.
When this criterion for state selection is heeded,
jVkðRÞ � VjðRÞj is of the order of magnitude of
unity or greater in atomic units when k > q and
j6 q. Then we consider the right-hand side of Eq.
(37), which is the part that determines the nonre-
movability of the nonadiabatic coupling. This ex-
pression consists entirely of elements of the ~FF
matrices that connect included states with ex-
cluded ones. We have thus concluded that when
the states used in the generalized BO approxima-
tion are selected properly, the energy gaps between
such pairs of states are all appreciable; hence we
conclude that the nonremovable elements of ~FF
cannot be singular or even very large. Thus any
singular part of the coupling satisfies (30), and is
thus removable.
In summary, our analysis has shown that the

singular coupling is removable, but in normal
molecular situations, apart from the singularity,
the removable and nonremovable parts of the
coupling can be expected to be of the same order
of magnitude.
The above analysis can also be used to shed

light on some treatments already in the literature.
For example, one treatment [12] uses Eq. (17) as
the justification for truncating the series in (3), but
we have shown that the correct justification is the
smallness of 1=M combined with the criterion that
any states whose energies intersect or come close
to included ones should not be excluded. Fur-
thermore, if (17) were satisfied, then the relations
Eqs. (9)–(13) would be satisfied even for the
truncated submatrices restricted to the selected q
states, FðqÞ

l , G
ðqÞ, etc. Actually, relations (10), (11),

and (13) do not hold for the submatrices, since for
example ð~FF ~FFÞðqÞ 6¼ ~FFðqÞ ~FFðqÞ. This error causes
Eq. (16) of [12] to be incorrect, and the same
problem crops up elsewhere as well. The miscon-
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ception of attributing the validity of the BO pro-
cedure to the smallness of the off-diagonal ~FF ma-
trix elements, rather than to the smallness of
ð1=MÞ, is a problem that regrettably occurs in
other contexts as well. For example [23], this
misconception has led to the imposition of ‘‘aux-
iliary conditions’’ on the nuclear wave functions,
which need not be imposed if a consistent ð1=MÞ
analysis is performed. Fortunately, the main con-
clusions of [23] are not affected by this miscon-
ception.
Eq. (30) is also relevant to previous work, where

it is stated that this equation is a condition for the
uniqueness of S and it is implied or assumed that it
can be satisfied or perhaps that it can be satisfied
except at isolated singularities [12,24–26]. With this
assumption it is shown that SDRs are obtained
only if the physical problem satisfies certain
quantization conditions [12,25]. However, Eq. (30)
is actually a condition for the existence of S, and it
is not satisfied even in regions that do not contain
singularities [21,27]. The arguments presented here
have shown that the restricted set of electronic
Hamiltonians allowing SDRs does not include
normal molecular situations. Integration of the ir-
rotational part of the nonadiabatic coupling
around a closed path will give a multiple of p. This
result was implicit in some of the earlier work
[28,29], and has been explicitly demonstrated by
Yarkony [30]. If the path is allowed to become
vanishingly small, the contribution of the solenoi-
dal part becomes negligible, so the integration of
the entire nonadiabatic coupling will approach a
multiple of p, usually just p or zero, depending on
whether the path does or does not surround a
conical intersection. Integration of the entire non-
adiabatic coupling around finite-sized paths in
normal molecular situations will show nonnegligi-
ble deviations from the ‘‘quantization’’ result as the
nonremovable solenoidal part becomes important.
Numerical calculations confirm this expectation
[30–34]. In the foregoing discussion, we have used
language appropriate to the case of q ¼ 2, with
three nuclear coordinates of interest. The conclu-
sions, however, remain valid for other cases as well.
One can construct models [35,36] in which

SDRs exist by construction. This illustrates how
terms that are essentially never zero may some-

times be negligible for particular purposes. Argu-
ments about whether nonzero terms are negligible
for specific problems may be made on a case-by-
case basis, and quasi-diabatic representations may
be useful, as stated above.

4. Approximations to the coupled equations

Consider the two-state case. With ~FF given by
(31) and neglecting ~FFðodÞ ~FFðodÞ, which is irrelevant
in this section, Eq. (28) takes the form


� 1

2M
r2 þ �VV1 � E

�
w1

� 1

2M
½2~ff  r þ ðr ~ff Þ�w2 ¼ 0;


� 1

2M
r2 þ �VV2 � E

�
w2

þ 1

2M
½2~ff  r þ ðr ~ff Þ�w1 ¼ 0;

ð38Þ

where

�VVj ¼ Vj �
1

2M
f 2; j ¼ 1; 2: ð39Þ

Since the differential equations (38) have real co-
efficients, one can, without loss of generality, re-
strict oneself to real solutions of (38). Any solution
is either a constant multiple of a real solution (if
nondegenerate) or a linear combination of real
solutions with constant coefficients (if degenerate).
The constant coefficients may of course take on
complex values, but this does not affect the con-
clusion. An analysis similar to that of Section 2,
Eqs. (23)–(27), adapted to a two-state Hilbert
space, shows that w2 will be small if V1 and V2 are
well separated and if E differs from V1 only by
relatively small contributions of the nuclear mo-
tion. A consistent approximation based on the
smallness of w2 would be to neglect all terms in-
volving w2 (or all in which w2 or its derivatives
appear multiplied by 1=M). The neglect of all
terms in w2 gives us the familiar one-state BO
approximation, which is indeed a good approxi-
mation (to lowest order in 1=M) when the criterion
derived above for its validity is satisfied.
It is instructive to compare this to an alternative

approach. In that approach [12,37] one makes the
transformation
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w1 ¼
1ffiffiffi
2

p ðv1 þ v2Þ; w2 ¼
iffiffiffi
2

p ðv1 � v2Þ;

v1 ¼
1ffiffiffi
2

p ðw1 þ iw2Þ; v2 ¼
iffiffiffi
2

p ðw1 � iw2Þ;
ð40Þ

which yields the result

� 1

2M
r2 þ �VV1 � E þ i

2M
½2~ff  r þ ðr ~ff Þ�

�
v1

þ 1

2
ð �VV2

�
� �VV1Þðv1 � v2Þ

�
¼ 0;



� 1

2M
r2 þ �VV1 � E � i

2M
½2~ff  r þ ðr ~ff Þ�

�
v2

� 1

2
ð �VV2

�
� �VV1Þðv1 � v2Þ

�
¼ 0: ð41Þ

Inspection of (41) shows that one can restrict
oneself without loss of generality to solutions in
which v2 ¼ v�

1. Such solutions are equivalent to the
real solutions of (38). It has been argued [12] that,
if �VV2 lies well above �VV1, and if E is substantially less
than �VV2, then w2 ¼ ði=

ffiffiffi
2

p
Þðv1 � v2Þ will be small,

justifying the neglect of the terms in curly brackets
in (41), an approximation that has been widely
employed [12,37]. If this is permitted, it leads to
the uncoupled equations [12]

� 1

2M
r2 þ �VV1 � E þ i

2M
½2~ff  r þ ðr ~ff Þ�

�
v1

¼ 0;

� 1

2M
r2 þ �VV1 � E � i

2M
½2~ff  r þ ðr ~ff Þ�

�
v2

¼ 0: ð42Þ

In terms of the original components w1 and w2, Eq.
(41) becomes

� 1

2M
r2 þ �VV1 � E

�
w1 �

1

2M
½2~ff  r þ ðr ~ff Þ�w2

¼ 0;

� 1

2M
r2 þ �VV1 � E

�
w2 þ

1

2M
½2~ff  r þ ðr ~ff Þ�w1

þ fð �VV2 � �VV1Þw2g ¼ 0: ð43Þ

When the term in curly brackets is omitted, as in
(42), one has



� 1

2M
r2 þ �VV1 � E

�
w1 �

1

2M
½2~ff  r þ ðr ~ff Þ�w2

¼ 0;

� 1

2M
r2 þ �VV1 � E

�
w2 þ

1

2M
½2~ff  r þ ðr ~ff Þ�w1

¼ 0: ð44Þ

This approximation involves neglecting those
terms in which w2 is multiplied by ð �VV2 � �VV1Þ, while
keeping the smaller terms in which it or its deriv-
atives are multiplied by 1=M or by ð �VV1 � EÞ, which
is also small under the stated conditions [12,37].
Moreover, these kept terms play a crucial role in
the subsequent analysis. Neglecting ð �VV2 � �VV1Þw2 is
not based on a consistent analysis of the conse-
quences of the smallness of w2. In fact the large-
ness of ð �VV2 � �VV1Þ compared with energies of
nuclear motion is required to justify the assumed
smallness of w2. The present analysis is consistent
with one presented previously [14], where it was
shown that the neglected term is larger than some
of the important retained terms. It was also shown
[14] (making use of the real nature of the solutions
of (38)) that in the cases of most interest the so-
lutions of (44) contradict the original assumption
of small w2.
It has been proposed [12] that requiring v2 ¼ v1

will lead to solutions of Eq. (43) that are in accord
with the assumed smallness of w2. This would
mean that v1 satisfies both equations of (42). It is
claimed in [12] that this can be achieved. However,
if v1 satisfies both equations of (43), then addition
and subtraction of the two equations gives�

� 1

2M
r2 þ �VV1 � E

�
v1 ¼ 0;

f2~ff  r þ ðr ~ff Þgv1 ¼ 0;
ð45Þ

i.e., v1 would have to be simultaneously an eigen-
function of the two noncommuting operators
�ð1=2MÞr2 þ �VV1 � Ef g and f2~ff  r þ ðr ~ff Þg.
We conclude that the inconsistency of Eq. (41)
cannot be circumvented in this way.
It has been proposed [38] that one can improve

on Eqs. (42) and (44) by setting �VV2 equal to �VV1 only
near the intersection. Certainly it is true that, in a
very small region, some features of the problem
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are insensitive to the difference in potential ener-
gies; but even here, the most distinctive feature is
the conical nature of the intersection, which is
missed in this approach. Furthermore, in the near
neighborhood of an intersection, one cannot as-
sume small w2.

5. Geometric phase

It was pointed out by Herzberg and Longuet-
Higgins (HL) [9] that an electronic eigenfunction
that is required to be real and smooth as a function
of R undergoes a sign change when transported
continuously around a conical intersection be-
tween two electronic potential energy surfaces.
This sign change is a special case of the ‘‘geometric
phase’’ which sometimes appears when a quantum
mechanical eigenfunction is transported around a
closed path [6–11]. This means that real electronic
wave functions are not single-valued as functions
of R, and this in turn will cause the full molecular
wave function given by (3) or approximately by (1)
to also fail to be single-valued unless something is
done [10]. Basically, there have been two equiva-
lent approaches to this problem: (i) One may
cancel the HL sign change in ujðR; rÞ by changing
the boundary conditions on the nuclear wave
function wjðRÞ so that it also changes sign on
traversal of a path around a conical intersection;
or (ii) one may multiply ujðR; rÞ by an R-depen-
dent phase factor which cancels the sign change
[10]. The phase angle of this phase factor is
sometimes called the HL angle. The rephased uj

will still satisfy (4) and (5), so this change is per-
missible, and it involves no approximation if car-
ried out consistently. This rephasing, however,
does affect the matrix elements of ~FF and G; in
particular, there are now nonzero diagonal ele-
ments of ~FF, which introduce vector potential-like
terms into the effective Hamiltonian satisfied by
wj. Since the HL phase factor e

ihðRÞ only has to
cancel the sign change, the only requirement on
hðRÞ is that it be real and advance by an odd
multiple of p on circum-navigation of a conical
intersection. Thus, a completely equivalent for-
mulation is obtained (also without any approxi-
mation) if hðRÞ is replaced by

�hhðRÞ ¼ hðRÞ þ gðRÞ; ð46Þ
where gðRÞ is any real function such that eigðRÞ is
single-valued. Eq. (46) is sometimes called a gauge
transformation, and such a transformation also
affects matrix elements of ~FF and G; in particular,
the effective vector potential undergoes a gauge
transformation of the kind familiar in electro-
magnetic theory [10].
The HL angle always exists, whereas an adia-

batic–diabatic transformation angle k satisfying
Eq. (33) does not exist for real molecular situa-
tions. There is, however, a set of model problems
for which k exists, and in which h, with an ap-
propriate choice of gauge, can be set equal to k. It
is also possible to construct models in which k
exists, but where it is impossible to have h ¼ k [14].
In general, there is much flexibility in h, which can
also be altered by an arbitrary gauge transforma-
tion (46), whereas k must satisfy Eq. (33), which
only permits the addition of a constant (k is not
subject to gauge transformations). Some of these
considerations are sometimes stated incorrectly
[12].
The rephasing approach based on the geometric

phase [10] is designed to handle the sign change of
the electronic wave function on traversal of a
closed path around the intersection, but it does not
handle the state coupling. There has been some
discussion in the literature [28,29,39] of the case in
which both the sign change and the coupling must
be considered.
Aharonov et al. [40] solved a simple model of

the BO problem in which the electronic degrees of
freedom are replaced by a single spin, acted on by
a magnetic field which is constant in magnitude
but whose direction follows the coordinates of a
heavy particle. This leads to a somewhat different
way of looking at the BO approach and gives
useful insight. This paper is sometimes cited to
support incorrect conclusions related to the con-
cerns of the present paper, and therefore it merits
discussion here. We note first that [40] has the
‘‘electronic’’ Hilbert space restricted to ð2sþ 1Þ
dimensions, so that any state can be expressed as a
linear combination of ð2sþ 1Þ frozen states, and
furthermore the separation of the electronic energy
levels is strictly maintained. Because the ‘‘elec-
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tronic’’ Hilbert space is finite, a strictly diabatic
basis exists by construction in this model, though
not in normal molecular situations. With the
magnetic field present, the traversal of a closed
path with a requirement of zero diagonal Fl along
the path can lead to an arbitrary phase change in
the ‘‘electronic’’ wave function, rather than just a
sign change or no change as in the cases discussed
here. There is no single ADT angle, but rather an
ADT transformation involving two angles. The
vector potential would arise in this model, as
elsewhere in the literature [8], as a result of re-
quiring that the ‘‘electronic’’ wave function be
single-valued. In [40] attention is called to the fact
that the geometric phase in a single ‘‘electronic’’
(spin in the model of [40]) state is caused by the
terms coupling it to other states. In our formula-
tion, this says that there would be no geometric
phase or HL sign change if Eq. (16) were satisfied.
The results of [40] all appear to be correct for the
model specified, and they are not claimed to apply
to normal molecular situations, which have dif-
ferent properties.

6. Concluding remarks

We have shown that for normal molecular sit-
uations one cannot expect the nonadiabatic cou-
pling terms in the BO representation to be either
very large or very small compared to unity in
atomic units. The chief exception occurs at and
near conical intersections where the nonadiabatic
coupling is singular. We have also analyzed the
effect of an orthogonal transformation of the BO
basis states on the couplings between the electronic
states, and we showed that the residual coupling in
general has the same order of magnitude as the
nonadiabatic coupling in the BO representation,
except that the singularities at conical intersections
and the large values near conical intersections are
no longer required (provided that the energies of
the chosen electronic states in the BO representa-
tion remain well separated from those of the ex-
cluded states).
Thus one can find new electronic representa-

tions that reduce the coupling everywhere to a le-
vel comparable to the nonadiabatic coupling that

occurs in the BO representation in regions where
the BO approximation is a good approximation.
Furthermore the analysis shows that one cannot
do systematically better than this, i.e., there is no
privileged representation in which aside from
considerations specific to a particular molecular
system, the coupling is systematically smaller than
the normal BO breakdown terms. This is not an
impediment to studying low-energy molecular ei-
genvalues since the BO approximation is very
good in normal molecular situations. Further-
more, it means that all nonadiabatic (i.e., diabatic,
quasi-diabatic) representations are equally for-
mally justified, provided that they remove the
singularities in the adiabatic representation, and
one may choose between them on the basis of
convenience for a specific application or aptness
for a particular molecular situation.
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