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Predicting bond dissociation energy and bond
length for bimetallic diatomic molecules: a
challenge for electronic structure theory†

Junwei Lucas Bao,b Xin Zhang,*ab Xuefei Xuc and Donald G. Truhlar*b

Accurately predicting bond length and bond dissociation energy for bimetallic diatomic molecules that

involve metal–metal multiple bonds is a great challenge for electronic structure theory, in part because

many of these molecules have inherently multi-configuration wave functions, a characteristic that is

variously labeled as strong correlation or multireference character. Although various popular density

functionals are widely used in studying metal–metal bonding in catalysis, their accuracy can be ques-

tioned, and it is important to see both how well and how poorly a functional can perform. Here we test

50 Kohn–Sham exchange–correlation density functionals for selected 3d and 4d hetero- and homonuc-

lear bimetallic diatomic molecules against experimental bond lengths and bond energies. We found that

for the majority of the density functionals, the mean unsigned error in predicting the bond length is

larger than 0.08 Å, and for the bond energy, half of the functionals give a mean unsigned error larger

than 20 kcal mol�1. This indicates that such highly multireference bimetallic systems are challenging for

KS-DFT. However, some exchange–correlation functionals perform significantly better than average for

both bond energies and bond lengths, in particular, BLYP, M06-L, N12-SX, OreLYP, RPBE, and revPBE,

and are recommended for both kinds of calculations. Other functionals that perform relatively well for

bond lengths include MGGA_MS0, MOHLYP, OLYP, PBE, and SOGGA11, and other functionals that

perform relatively well for bond energies include GAM, M05, M06, MN15, and t-HCTHhyb. Although

some of these functionals (M05, M06, MN15, N12-SX, and t-HCTHhyb) contain a nonzero percentage of

Hartree–Fock exchange, a broader conclusion is that Hartree–Fock exchange brings in a static correla-

tion error and usually tends to make the results, especially the bond lengths, less accurate. We find some

significant differences between all-electron calculations and calculations with effective core potentials.

For analysis, the article also presents CASSCF calculations of the percentage contributions of the dominant

configurations, and the paper compares orbitals and configurations obtained in DFT calculations to those

in CASSCF calculations. The equilibrium bond distance of Rh2 is not available from experiments, and we

predict it to be 2.22 Å. The bond energy of VCr is not available from experiments, and we predict it to

be 52.9 kcal mol�1.

1. Introduction

Being able to predict the structure and energy of metal–metal
bonds is of fundamental importance for understanding and
designing organometallic and inorganometallic catalysts,1,2

but accurately describing metal–metal multiple bonds is not a

simple task for electronic structure theory. Open-shell systems
containing metal atoms are notoriously strongly correlated and
coupled cluster calculations with affordable reference functions
and affordable levels of excitation are not uniformly accurate for
such systems, so almost all calculations on metal-containing
systems for practical applications are carried out by Kohn–Sham
density functional theory3 (KS-DFT). Although validation studies
have shown that modern exchange–correlation (XC) functionals
can give good accuracy for most main group nonmetal chemistry,4

it is harder to test the theory systematically for systems containing
metal–metal bonds because of the scarcity of good data for
bond lengths and bond energies of such systems. Bimetallic
systems with partially filled d orbitals and multiple low-lying
electronic configurations are inherently multi-configurational,
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and such systems (called multireference systems because a wave
function calculation will converge well with respect to excitation
level only if one uses a multi-configurational reference function)
provide a severe test of KS-DFT, which uses a single Slater
determinant (single electronic configuration) as a reference wave
function.

The present work considers bimetallic diatomic molecules
for which accurate experimental data are available. Several
previous theoretical studies focus on 3d homonuclear diatomic
bimetallic molecules;5–9 and one recent interesting theoretical
study explores the bonding pattern in superheavy transition-
metal diatomics.10 In our own previous work we studied atomic
excitation energies in 3d transition metals11 and 4d transion
metals.12 In this work, we consider selected 3d and 4d hetero- and
homonuclear diatomics and systematically test 50 XC functionals
against the most definitive experimental data available. The tests
involve four 3d transition metals (Sc, V, Cr, and Co) and four
4d transition metals (Y, Nb, Mo, and Rh).

Coupled cluster theory13–16 in the CCSD(T)17 approximation
is widely used as a benchmark for all kinds of chemistries,
including transition-metal chemistry18 (although many studies
only involve metal–ligand rather than metal–metal bonds).
However, recent studies have shown that CCSD(T) is not
necessarily more accurate than some of the available XC func-
tionals for predicting physical properties, such as the bond
energy19 and singlet–triplet gap,20 of multireference systems.
Furthermore, the cost of CCSD(T) is often prohibitive for large
open-shell systems. The present paper is limited to KS-DFT, for
which there is great interest in validation because calculations
are affordable for large and complex systems.

Relativistic effects play an important role in the energetics of
transition metals, especially for the 4d series and beyond. To
account for scalar relativistic effects, one can use either a valence
basis set combined with an effective core potential (ECP) or an
all-electron basis set with a scalar relativistic Hamiltonian. The
comparison of these methods is particularly interesting because
the available ECPs were developed for wave function theory, but
using them with density functional theory leads to additional
uncertainties due to the nonlinear dependence of XC functionals
on density, which leads to nonlinear core corrections.21–26

To include vector relativistic effects, spin–orbit (SO) coupling
would have to be calculated, although such calculations can be
unaffordable for large systems and sometimes may be neglected
for semi-quantitative work. For the purpose of the current bench-
mark, though, we did include such SO coupling contributions in
the bond dissociation energies.

We emphasize that despite the difficulties for KS-DFT in
describing intrinsically multireference transition metal–transition
metal bonds, it is still being widely used for studying systems with
metal–metal bonds, and the question of the accuracies of the
various available exchange–correlation functionals is a recurring
one. Therefore, it is critical to know not only how well the current
approximate density functionals can perform, but also, and
perhaps even more importantly, how poorly they sometimes
perform. The latter can inform practitioners to what extent they
can trust their calculations and can warn them to interpret their

computational predictions with caution. Therefore, the present
exhaustive test for bond energies and bond lengths for transition
metal diatomics, which are the fundamental building blocks for
large bimetallic complexes, is of essential value.

2. Experimental data

In the current work, our bimetallic diatomics dataset consists of
nine molecules: Cr2,27–29 V2,30,31 Mo2,28,32 Rh2,33 VCr,34 VNb,35,36

ScCo,37 YCo,37,38 and NbCr,34 four of which are homonuclear
bimetallics, and five of which are heteronuclear bimetallics. For
seven of the molecules, both the bond length and bond energy are
known experimentally, but for Rh2, only the bond dissociation
energy is known experimentally, and for VCr, only the bond length
is known experimentally. Therefore, we evaluate the performance
of various density functionals based on the bond lengths of eight
molecules (i.e., excluding Rh2) and based on the bond dissocia-
tion energies of eight molecules (i.e., excluding VCr).

3. Computational methods

All density functional calculations were carried out by finding
the lowest-energy solution in order to approximate the ground
electronic state, independent of symmetry. In all cases, we tried
multiple initial guesses for the orbitals and for the total electron
spin component MS, and a stability analysis39,40 was carried out
to see if the solution was stable with respect to spin or symmetry
breaking (except for fixing the component MS of total electron
spin and considering only collinear determinants); if the solution
was unstable we broke the symmetry. In this way we tried to find
the lowest-energy stable solution of the self-consistent field
equations, independent of symmetry.

3.A. Converting experimental dissociation energy D0 to De

The experimental equilibrium dissociation energy De is obtained
by adding the zero-point vibrational energy (ZPE) of the diatomic
molecule to the experimental ground-state dissociation energy D0.
If the experimental harmonic vibrational frequency oe (in units of
wavenumbers) is available, then the ZPE is obtained by using the
experimental oe scaled by a factor of 0.986, which is a generic
scale factor41 for converting a harmonic ZPE to an anharmonic
one. For cases where the experimental value of oe is not available,
we directly computed the vibrational ZPE using the M06-L XC
functional with the aug-cc-pwCVTZ-DK42 all-electron basis set
and with the Douglas–Kroll–Hess 2nd order scalar relativistic
Hamiltonian43 (DKH2), and scaled by a factor of 0.985, which
is the ZPE scale factor at this level of theory and is deter-
mined based on a standard database.41 The grid size used
in the DFT calculation is 99 radial shells with 974 angular
points per shell.

3.B. Converting experimental bond length r0 to re

The bond length measured in the experiments considered here
is the vibrationally averaged ground-state bond length r0, which
is the bond length in the ground vibrational–rotational state.
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Our directly computed bond lengths are equilibrium bond lengths,
re, which correspond to the interatomic distance at the minimum
of the Born–Oppenheimer potential energy curve of the diatomic
molecule. For an anharmonic potential, the ground-state bond
length is slightly longer than the equilibrium bond length. Next we
explain how we convert the experimental r0 to re in order to make
an appropriate comparison.

The equilibrium rotational constant, Be, and the rotational
constant in the first vibrational state (i.e., the vibrational
quantum number is 0), B0, are related by the following equation
(as is commonly done, we express it in units of energy in
this work):

Be ¼ B0 þ
ae
2

(1)

where ae is the equilibrium rotational–vibrational interaction
constant. These quantities are given by

B0 ¼
h2

8p2mr02
(2)

and by Pekeris approximation44

ae ¼
6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xecoeBe

3
p

coe
� 6Be

2

coe
(3)

where h is Plank’s constant, c is the speed of light, m is the
reduced mass of the diatomic molecule, oe is the harmonic
vibrational frequency in cm�1, and xe is the anharmonicity
constant. In eqn (3), the harmonic vibrational frequency oe is
directly taken from the experimentally reported value if it is
available, or it is calculated by using M06-L/aug-cc-pwCVTZ-DK
with DKH2 and scaled by a factor of lH = 0.999, which is a scale
factor (determined in this work using the method of ref. 41) for
reproducing the experimental harmonic frequency from the
computed harmonic vibrational frequency.

We substitute (2) and (3) into (1), and we solve the resulting
equation iteratively using the Newton–Raphson method for
Be in terms of r0, oe, and xe. Then we obtain re from

re ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2

8p2mBe

s
(4)

To do this, we obtain r0 from the experimentally measured B0,
and oe has already been discussed above. To complete this
process we need xe.

Based on the assumption of a Morse potential, the anharmoni-
city constant xe can be computed from De and oe (discussed
above) as follows (note that, as is commonly done, we express
De in energy units and oe in wave numbers):45

xe ¼
hcoe

4De
(5)

The reference data for the diatomic molecules that we con-
sidered in the current work are shown in Table 1.

3.C. Spin–orbit coupling

The spin–orbit coupling energies for atoms are taken from the
NIST collection of atomic spectroscopy data.46 The spin–orbit
coupling energies for atomic V (6D), V (4F), Cr (7S), Mo (7S), Nb
(6D), Rh (4F), Co (4F), Sc (2D), and Y (2D) are �0.5, �0.9, 0, 0,
�1.8, �4.3, �2.3, �0.3, and �0.9 kcal mol�1 respectively.

For the diatomic molecules Cr2 (1S), V2 (3S), VNb (3S), Mo2

(1S), ScCo (1S), and YCo (1S), the spin–orbit coupling energies
are equal to zero because the quantum number L is 0. For NbCr
(2D), Rh2 (5D) and VCr (2D), the spin–orbit matrix elements and
eigenstates were computed using the full Breit–Pauli spin–orbit
operator.47,48 In particular, state-averaged CASSCF49,50 (SA-CASSCF)
calculations without spin–orbit coupling were followed by state-
interaction51 (CAS-SI) calculations, where new eigenstates are
obtained by diagonalizing the Hamiltonian with spin–orbit
coupling included in a basis of the spin–orbit-free eigenfunctions.
A full valence active space was used in this work, i.e., the active
space was CAS (11e, 12o) for NbCr, CAS (18e, 12o) for Rh2, and
CAS (11e, 12o) for VCr, respectively. The number of states in the
CAS-SI calculation is the same as the number of states averaged
in the SA-CASCF calculation, and it is 2 for NbCr, 40 for Rh2,
and 2 for VCr. The spin–orbit energy is then equal to the energy
of the lowest CAS-SI eigenvalue minus the energy of the lowest
SA-CASSCF eigenvalue. In these SA-CASSCF and CAS-SI calcula-
tions, the def2-TZVP basis set,52 which is an all-electron basis
set for the first-row transition metals, was used for Cr and V, the
TZP53 all-electron basis was used for Nb, and an ECP basis set

Table 1 Experimentally determined ground-state spin multiplicity (2S + 1), experimental r0 and re, experimental D0, oe, and De, and spin–orbit energy
change DESO for the molecules in the dataset we considered in the current work. Reference values are from: Cr2: ref. 27–29; V2: ref. 30 and 31; Mo2:
ref. 28 and 32; Rh2: ref. 33; VCr: ref. 34; VNb: ref. 35 and 36; ScCo: ref. 37; YCo: ref. 37 and 38; NbCr: ref. 34

Molecule 2S + 1 Exptl r0 (Å) re (Å) Exptl D0 (kcal mol�1) Exptl oe (cm�1) De
a (kcal mol�1) DESO

b (kcal mol�1)

Cr2 1 1.686 1.681 35.3 480.6 36.0 0
V2 3 — 1.770c 63.4 537.5 64.2 �1.8
Mo2 1 1.941 1.938 103.2 449.0 103.9 0
Rh2 5 — — 55.5 — 55.9 �5.0
VCr 2 1.726 1.724 — — — �0.1
VNb 3 — 1.943c 87.4 476.9 88.1 �2.7
ScCo 1 1.812 1.809 56.5 246.7 56.8 �2.6
YCo 1 1.983 1.980 59.7 231.3 60.0 �3.2
NbCr 2 1.894 1.892 69.8 — 70.3 �1.3

a Converted De using experimental D0 and zero-point-energy obtained by experimental harmonic vibrational frequency oe (scaled by 0.986) or
computed by M06-L/aug-cc-pwCVTZ-DK with DKH2 (with ZPE scale factor 0.985). b DESO = ESO(A) + ESO(B) � ESO(AB), where ESO(X) is the spin–orbit
coupling energy for species X. c For V2 and VNb, the experimentally reported re values are available, and thus they are directly used.
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cc-pVTZ-PP54 including both the scalar (spin-free) relativistic
effective potential (in particular ECP28MDF) and the spin–orbit
potential was used for Rh. (The use of spin–orbit potentials
to obtain spin–orbit couplings in nonrelativistic calculations
is explained elsewhere.55) The computed spin–orbit coupling
energies for NbCr, Rh2 and VCr are�0.5,�3.5 and�0.4 kcal mol�1,
respectively.

The Molpro 2015.1 package56 is used for spin–orbit coupling
calculations.

3.D. B1 diagnostics

The B1 diagnostic,89 which is a multireference diagnostic that is
much less expensive than T1

57 and M58 multireference diagno-
stics, is computed as the difference between the equilibrium
bond energy computed by BLYP and that computed by B1LYP//
BLYP. The B1 diagnostic values computed by using the def2-QZVP
basis set with the SDD pseudopotential and by using the aug-cc-
pwCVTZ-DK basis with the DKH2 Hamiltonian are reported in
Table 2. All the B1 diagnostic values are significantly larger than
10 kcal mol�1, which is the usual criterion89 for multireference
character. These very large values indicate very large multi-
reference character for all the molecules studied here.

3.E. Functionals

Table 3 lists the XC functionals we tested in this work along with
the percentage X of the Hartree–Fock exchange in each func-
tional. The percentage of the Hartree–Fock exchange is important
because functionals with high X tend to be less accurate for
multireference systems, but are often more accurate for single-
reference systems. The table includes local functionals (X = 0),
global hybrids (X is a global constant), and range-separated
hybrids (X depends on interelectronic separation, and the range
is shown in the table).

3.F. Bond dissociation energy

The equilibrium bond dissociation energy De is computed by
broken-symmetry (BS) spin-unrestricted Kohn–Sham DFT (UKS-
DFT) with various exchange–correlation (XC) density functionals.

In order to obtain the lowest-energy solution, numerous initial
densities generated by various XC functionals have been tried as
initial guesses for BS-UKS-DFT single-point calculations; this is an
exhaustive procedure, but we certainly cannot guarantee that the
global minima in the SCF solution space is reached. We always
test the stability59–61 of the computed wave function, and if an

unstable wave function is obtained, we re-optimize it until a
stabilized wave function is found; this procedure is carried out by
using ‘‘stable = (opt, xqc)’’ keywords in Gaussian 09. The resulting
broken-symmetry Slater determinant does not necessarily belong to
an irreducible representation of the molecular point group, and
often it does not; the Slater determinant is optimized for a specified
projected component MS of the square S2 of the total electron spin,
and, in general, the resulting Slater determinant is a mixture of
different spin states rather than being a spin-eigenfunction (except
for cases where the system is closed-shell or in the highest spin
state for the chosen MS). That is to say, we allow both the spatial
and spin symmetry of the Slater determinant to vary, aiming to
obtain the energetically lowest possible SCF solution. We remind
the reader that if one had the exact exchange–correlation functional
(which is unknown and probably unknowable62), the Slater deter-
minant would not necessarily have the symmetry of the exact wave
function,63 and it would not necessarily be an eigenfunction of S2.
(S2 is a two-electron operator, and expectation values requiring
more than the one-electron density are not necessarily given
correctly by the reference determinant.64)

For the diatomic molecules, the DFT calculations are carried
out for the spin component MS of electron spin equal to S,
where S is the experimental electron spin quantum number.
For computing dissociation energies, the dissociation products
(i.e., the atoms) are considered to be in their ground spin state.
We computed De as

De = E(A) + E(B) � E(AB) + DESO(AB) (6)

where E(X) is the electronic energy (including nuclear repulsion)
for species X, and DESO(AB) is the change of spin–orbit coupling
energy during dissociation, which is computed as

DESO = ESO(A) + ESO(B) � ESO(AB) (7)

where ESO(X) is the spin–orbit coupling energy for species X.
The calculation of the fourth term in eqn (6) is discussed in

Section 3.C. We computed the first three terms in eqn (6) in the
following four ways:

(1) SP-ECP: the def2-QZVP basis set65 and the SDD effective
core potential (ECP)66 are used to compute single-point (SP)
energies at the experimental geometry;

(2) SP-DKH: the all-electron aug-cc-pwCVTZ-DK basis is used
with the DKH2 Hamiltonian to compute single-point energies
at the experimental geometry;

(3) opt-ECP: the same basis and ECP as for SP-ECP, but the
geometry is optimized at the same level.

(4) opt-DKH: the same basis and Hamiltonian as for SP-DKH,
but the geometry is optimized at the same level.

DFT calculations were carried out using locally modified
Gaussian 0967 with a grid size of 974 angular points per shell
and 99 radial shells. In some cases, the geometry optimization
was carried out with analytic gradients and in other cases by
scanning the potential energy curve.

3.G. Analysis of electronic structures

In order to further understand the performance of various density
functionals, we used the keyword ‘‘pop = (NOAB, Hirshfeld)’’ in

Table 2 Computed B1 diagnostic values (kcal mol�1)

Molecule
B1 (def2-QZVP basis
and SDD ECP)

B1 (aug-cc-pwCVTZ-DK basis
and DKH2 Hamiltonian)

Cr2 57.2 56.9
V2 65.6 78.2
Mo2 43.5 44.7
Rh2 36.7 41.5
VCr 66.8 62.7
VNb 51.2 57.6
ScCo 59.9 69.4
YCo 51.5 61.6
NbCr 43.9 47.8
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Gaussian 09 to perform natural orbital analysis and Hirshfeld
population analysis for the a and b densities of the final
broken-symmetry solution. We also carried out CASSCF calcu-
lations to investigate the dominant configurations and their
relative contributions in the total wave function of the diatomic

molecules; and since we are aiming at this part of the work to
acquire a qualitative understanding, a full-valence active space
was deemed sufficient. The ANO-RCC-VTZP basis set and the
DKH2 Hamiltonian are used in the CASSCF calculations; all of
these calculations are performed by using Molcas 8.168 at the

Table 3 Exchange–correlation (XC) functionals tested in this work

Type XC functional Xa Ref.

GGA PBEsol 0 84
SOGGA 0 85
SOGGA11 0 86
BLYP 0 87 and 88
MOHLYP 0 89
OLYP 0 90
OreLYP 0 91
PBE 0 92
revPBE 0 93
RPBE 0 94

NGA GAM 0 95
N12 0 96

meta-GGA M06-L 0 97
M11-L 0 98
MGGA_MS0 0 99
MGGA_MS1 0 99
MGGA_MS2 0 99
t-HCTH 0 100

meta-NGA MN12-L 0 101
MN15-L 0 102

Global-hybrid GGA B1LYP 25 103
B3LYP 20 104
B97-1 21 105
B97-3 26.93 106
MPW1B95 31 107
MPW1K 42.8 108
MPW3LYP 21.8 109
MPWB1K 44 107
O3LYP 11.61 110
PBE0 25 111
SOGGA11-X 40.15 112

Global-hybrid meta-GGA MGGA_MS2h 9 99
M05 28 113
M05-2X 56 114 and 115
M06 27 116 and 117
M06-2X 54 114 and 117
M06-HF 100 118
M08-HX 56.79 115
M08-SO 52.23 115
PW6B95 28 119
PWB6K 46 119
TPSSh 10 120
t-HCTHhyb 15 121

Global-hybrid meta-NGA MN15 44 122

Range-separated hybrid GGA HSE06 25–0 123 and 124
oB97X 15.77–100 125

Range-separated hybrid GGA + MMb oB97X-D 22.2–100 126
Range-separated hybrid meta-GGA M11 42.8–100 127
Screened-exchange NGA N12-SX 25–0 128
Screened-exchange meta-NGA MN12-SX 25–0 128

a X is the percentage of nonlocal Hartree–Fock exchange. When a range is given, the first value is for small interelectronic distances, and the
second is for large interelectronic distances. b MM denotes the addition of molecular mechanics (also called an empirical dispersion correction),
which in this case corresponds to atom–atom pairwise damped dispersion terms added post-SCF to the calculated energy.
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experimental equilibrium geometry (except for Rh2, whose
experimental bond length is unavailable, and so we use the
BLYP predicted re, which is 2.234 Å).

4. Results

As indicated above, not only do we test 50 XC functionals, but we
also compare the accuracy of using a valence basis set combined
with an effective core potential (this combination is simply
denoted as ‘‘ECP’’ in this paper) to that obtained using an all-
electron basis with the DKH2 Hamiltonian (simply denoted as
‘‘DKH’’). In the article, we tabulated the results for the twelve XC
functionals with the smallest mean unsigned errors in each case;
full tabulations of the results are given in the ESI.†

4.A. Equilibrium bond length

Table 4 lists the signed errors and mean unsigned errors (MUEs)
for the computed equilibrium bond lengths using various XC
functionals, with the ECP protocol; the results for the DKH
protocol are in Table 5.

For the ECP calculations, the functional that gives the smallest
mean unsigned error (MUE) for the computed equilibrium
bond length of the eight diatomic molecules is BLYP, whose
MUE is 0.029 Å. The functionals that give an MUE smaller than
0.05 Å are BLYP, MN12-L, MGGA_MS1, RPBE, SOGGA11, revPBE,
MGGA_MS2, PBE, MOHLYP, MGGA_MS0, OreLYP, M06-L, and
OLYP. The best functionals for predicting the bond length for
specific molecules are as follows: Mo2 and YCo, BLYP; Cr2,
PW6B95; V2, SOGGA11-X; VCr, MGGA_MS1; VNb, MPWB1K; ScCo,
MN12-L; and NbCr, M06; and the unsigned errors of these best
predictions range from 0.001 Å for YCo to 0.015 Å and 0.062 Å,
respectively, for the notoriously difficult V2 and Cr2.

For the DKH calculations, the best functional (on average) for
the computed equilibrium bond length is still BLYP, for which the
MUE now is reduced by more than a factor of four to 0.007 Å.
The functionals that give an MUE smaller than 0.05 Å are BLYP,
RPBE, revPBE, SO11, PBE, MOHLYP, OLYP, OreLYP, PBEsol and
MGGA_MS0. The best functionals for predicting the bond length
for specific molecules are as follows: Cr2, Mo2, VNb, and NbCr,
BLYP; YCo and ScCo, SOGGA11; V2, MGGA_MS2; and VCr, revPBE;

and the unsigned errors of these best predictions range from
0.000 Å for V2, VCr, and NbCr to 0.006 Å for VNb.

The improvement, compared to the ECP results, in the very
best DKH results (MUE of best performing functional and
smallest MUEs for individual molecules) is dramatic, but the
decrease in the number of functionals with an MUE below
0.05 Å from 13 to 10 is disappointing. In fact, upon changing
from the ECP protocol to the DKH one, the MUEs of almost
half of the functionals we tested become larger – sometimes
dramatically; for example, the MUE for M11 increases from
0.116 Å to 0.304 Å, and that for MPW3LYP increases from 0.080 Å
to 0.270 Å. Only four functionals (BLYP, RPBE, SOGGA11, and
revPBE) have an MUE below 0.04 Å for both the ECP and DKH
protocols. Clearly further work is needed to obtain ECPs that
mimic DKH calculations.

Some popular functionals do very poorly. For example, the
MUEs for PBE0 are 0.176 Å (ECP) and 0.124 Å (DKH), and those
for B3LYP are 0.077 Å (ECP) and 0.135 Å (DKH).

4.B. Prediction of equilibrium internuclear distance for Rh2

The experimental re for Rh2 molecule is unknown, because the
rotational constant is quite small and the high spin of the
molecule (quintet) causes each rotational level to split into five
sublevels. Therefore, the rotationally resolved spectrum for Rh2

would be difficult to analyze. Based on the benchmark, here we
give the computed re for Rh2. Our result for the re of Rh2 using
the methods that do best in our validation study are 2.234,
2.180 and 2.361 Å by BLYP, MN12-L and MGGA_MS1 using the
ECP protocol and 2.234, 2.223 and 2.219 Å by BLYP, RPBE and
revPBE using the DKH protocol. Taking the average of these
six values as our best validated prediction gives 2.24 Å with a
standard deviation of 0.06 Å. This indicates that the MGGA_MS1
(ECP) value is an outlier because it differs from the average by two
standard deviations. We therefore refine our prediction based
on the other five values, which yields 2.22 Å with a standard
deviation of 0.02 Å.

4.C. Equilibrium bond dissociation energy

The signed errors and mean unsigned errors of De, by the four
ways of computation (see Section 3.F), are given in Tables 6–9.

Table 4 The signed errors and mean unsigned errors (MUEs) for the calculated equilibrium bond length (re in the units of Å) for the best 12 XC
functionals in this category, using the ECP protocol

Functional Cr2 V2 Mo2 VCr VNb ScCo YCo NbCr MUE

BLYP �0.083 �0.040 �0.007 �0.055 �0.019 �0.028 �0.001 0.003 0.029
MN12-L �0.100 �0.019 �0.021 0.064 �0.008 �0.011 �0.002 0.048 0.034
MGGA_MS1 �0.106 �0.031 �0.031 0.003 �0.034 �0.045 �0.026 0.012 0.036
RPBE �0.092 �0.048 �0.021 �0.004 �0.031 �0.037 �0.012 �0.049 0.037
SOGGA11 �0.100 �0.053 �0.041 �0.015 �0.042 �0.035 �0.006 �0.004 0.037
revPBE �0.093 �0.050 �0.022 �0.006 �0.032 �0.039 �0.015 �0.049 0.038
MGGA_MS2 �0.103 �0.037 �0.026 �0.043 �0.030 �0.044 �0.021 0.012 0.039
PBE �0.096 �0.054 �0.025 �0.068 �0.037 �0.046 �0.024 �0.004 0.044
MOHLYP �0.101 �0.057 �0.035 0.011 �0.042 �0.041 �0.013 �0.058 0.045
MGGA_MS0 �0.107 �0.106 �0.031 0.012 �0.032 �0.045 �0.026 0.017 0.047
OreLYP �0.108 �0.066 �0.040 �0.013 �0.051 �0.060 �0.037 �0.005 0.048
M06-L �0.106 �0.061 �0.046 0.005 �0.044 �0.054 �0.039 0.027 0.048

Exptl re 1.681 1.770 1.938 1.724 1.943 1.809 1.980 1.892 —
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First, we compare the bond energies computed based on
experimental geometry to those based on optimized geome-
tries, i.e., we compare De by SP-ECP to De by opt-ECP and De by
SP-DKH to De by Opt-DKH. For both SP-ECP and Opt-ECP, the
best five functionals for De are t-HCTHhyb, M05, MN15, M06-L
and BLYP; for SP-ECP, their MUEs are respectively 5.1, 7.4, 9.3,
12.0, and 12.3 kcal mol�1, and for Opt-ECP, they are 6.7, 10.3,
11.9, 11.7, and 11.8 kcal mol�1. For SP-DKH and Opt-DKH,

the best four functionals are t-HCTHhyb, M06-L, N12-SX and
OreLYP, all of which have MUEs smaller than 10 kcal mol�1. The
fifth best functional for SP-DKH is GAM (MUE = 10.8 kcal mol�1)
and for Opt-DKH it is OLYP (MUE = 12.0 kcal mol�1). Thus, the
conclusions about what are the best performing functionals
are not sensitive to the choice between calculated and experi-
mental geometries. Generally, for a given functional, the differ-
ence between the MUEs of SP and Opt calculations is smaller

Table 5 The signed errors and mean unsigned errors (MUEs) for the calculated equilibrium bond length (re in the units of Å) for the best 12 XC
functionals in this category, using the DKH protocol

Functional Cr2 V2 Mo2 VCr VNb ScCo YCo NbCr MUE

BLYP 0.003 �0.018 �0.003 �0.015 �0.006 �0.005 0.007 0.000 0.007
RPBE �0.085 �0.024 �0.020 0.006 �0.017 �0.011 �0.005 0.013 0.023
revPBE �0.087 �0.026 �0.021 0.000 �0.019 �0.014 �0.008 0.012 0.024
SOGGA11 0.028 �0.021 �0.040 �0.039 �0.067 0.002 0.003 0.002 0.025
PBE �0.092 �0.033 �0.024 �0.023 �0.025 �0.025 �0.018 �0.005 0.031
MOHLYP �0.095 �0.032 �0.035 0.062 �0.028 �0.010 �0.006 �0.036 0.038
OLYP 0.096 �0.048 �0.043 �0.012 �0.042 �0.037 �0.032 �0.001 0.039
OreLYP 0.120 �0.048 �0.042 �0.009 �0.041 �0.038 �0.033 �0.004 0.042
PBEsol �0.105 �0.049 �0.036 �0.053 �0.040 �0.048 �0.042 �0.008 0.048
MGGA_MS0 �0.106 �0.109 �0.039 0.009 �0.035 �0.035 �0.040 0.018 0.049
SOGGA �0.107 �0.051 �0.040 �0.052 �0.043 �0.050 �0.045 �0.032 0.053
t-HCTH �0.122 �0.066 �0.050 �0.024 �0.056 �0.057 �0.047 �0.009 0.054

Exptl re 1.681 1.770 1.938 1.724 1.943 1.809 1.980 1.892 —

Table 6 The signed errors and mean unsigned errors (MUEs) for the calculated equilibrium bond dissociation energy (DSP-ECP
e in the units of kcal mol�1)

for the best 12 XC functionals in this category, using the def2-QZVP basis combined with the SDD ECP

Functional Cr2 V2 Mo2 Rh2 VNb ScCo YCo NbCr MUE

t-HCTHhyb 2.1 0.1 8.4 5.0 �0.2 7.9 �11.0 �6.2 5.1
M05 �5.7 9.1 9.0 1.5 7.8 12.1 �12.5 �1.7 7.4
MN15 �9.0 13.0 �11.4 2.8 �2.0 12.6 �9.9 �13.6 9.3
M06-L 14.0 22.9 �6.9 9.3 10.5 23.6 �3.9 �4.8 12.0
BLYP 9.2 25.1 4.5 11.0 8.8 30.8 6.5 �2.3 12.3
N12-SX �0.6 �24.3 3.3 �3.1 �14.5 �19.0 �32.8 �2.0 12.4
M06 �10.1 15.7 2.2 10.1 11.0 10.3 �14.4 �29.3 12.9
OreLYP 2.3 26.6 �1.4 10.3 10.3 39.0 12.7 �12.3 14.4
MN15-L �14.0 1.8 �33.0 5.0 �14.1 20.6 �2.7 �24.4 14.5
RPBE �6.4 31.7 �19.7 4.8 3.9 30.9 5.8 �15.3 14.8
OLYP �2.0 28.2 �10.6 5.8 5.7 37.3 10.9 �18.8 14.9
O3LYP �23.9 �0.8 �27.6 �10.1 �16.5 11.2 �11.2 �29.2 16.3

Exptl De 36.0 64.2 103.9 55.9 88.1 56.8 60.0 70.3 —

Table 7 The signed errors and mean unsigned errors (MUEs) for the calculated equilibrium bond dissociation energy (DSP-DKH
e in the units of kcal mol�1)

for the best 12 XC functionals in this category, using the aug-cc-pwCVTZ-DK all-electron basis and DKH2

Functional Cr2 V2 Mo2 Rh2 VNb ScCo YCo NbCr MUE

t-HCTHhyb 0.2 �4.9 4.0 10.8 �0.3 4.6 �5.0 1.6 3.9
M06-L �3.3 �8.0 �16.9 �7.2 �8.8 9.9 �4.6 �5.6 8.0
N12-SX 11.8 �14.1 5.7 �0.9 �6.1 �11.3 �17.8 �2.1 8.7
OreLYP 0.3 16.3 �1.7 10.5 7.3 24.8 13.0 �1.1 9.4
GAM �7.6 4.6 �19.4 12.5 �4.4 20.6 6.3 �10.8 10.8
OLYP �5.6 17.1 �11.3 6.4 2.3 23.9 11.6 �16.1 11.8
MN12-L 21.6 �16.7 �6.8 �16.9 �17.8 �4.2 �13.3 1.7 12.4
RPBE �6.4 23.5 �21.5 5.9 1.7 22.7 10.7 �17.3 13.7
M05 �16.7 �19.5 �10.7 �6.3 �12.8 �11.0 �23.1 �11.9 14.0
BLYP 14.4 25.1 5.5 13.1 11.4 26.9 13.0 7.1 14.6
revPBE �7.4 26.1 �22.1 6.9 2.6 24.8 12.6 �18.1 15.1
TPSSh �25.5 �5.0 �32.0 �9.1 �17.9 �1.8 �10.3 �26.3 16.0

Exptl De 36.0 64.2 103.9 55.9 88.1 56.8 60.0 70.3 —
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than 5 kcal mol�1; and on average (i.e., averaged over all the
functionals), this difference is only 2.6 kcal mol�1 for the ECP
protocol and only 3.2 kcal mol�1 for the DKH one.

Next, we compare ECP and DKH options for given func-
tionals. For the functional that performs best for dissociation
energies, i.e., t-HCTHhyb, the MUE of SP-ECP is 1.2 kcal mol�1

larger than the MUE of SP-DKH; but the MUE of opt-ECP is
0.6 kcal mol�1 smaller than the MUE of opt-DKH. For half of
the functionals, the differences of the MUEs given by ECP from
DKH options are smaller than 5 kcal mol�1. For some func-
tionals, such as M08-SO, M06-2X, and MN15, using an ECP is
significantly better than using an all-electron DKH calculation.
On the other hand, for MN12-L, the all-electron DKH calcula-
tion is more accurate than the ECP one, both for calculations
at the experimental geometry and for those at consistently
optimized geometries. As might be expected from these
examples, the conclusions about whether one functional per-
forms better than another are not the same if based on ECP or
DKH calculations. One can make the generalization that hybrid
functionals tend to perform better when ECP basis is used
and local functionals seem to be more accurate when all-
electron relativistic calculations are performed; and this finding
is also observed in one previous study on 3d transition metal
systems.69

4.D. Prediction of the equilibrium dissociation energy for VCr

The bond energy of VCr is not known experimentally, but we can
predict it here by using the density functionals that perform best
for bond dissociation energies. In particular, the t-HCTHhyb
functional is found to be the best XC functional for both ECP
and all-electron relativistic calculations with DKH. The De given
by t-HCTHhyb with an optimized bond length is 51.0 kcal mol�1

with the ECP protocol and 54.7 kcal mol�1 with DKH; on average,
these predictions give an equilibrium bond dissociation energy of
52.9 kcal mol�1. This is very close to the equilibrium bond energy
predicted in a previous theoretical study70 using multi-state
CASPT2, which yields 52.2 kcal mol�1.

4.E. Assessment of the performance of various XC functionals

We rank the performance of various XC functionals based on
their MUEs in each category in Table 10. The overall ranking is
determined based on the average ranking of all the categories.
Based on this overall ranking, nine functionals, in particular,
BLYP, RPBE, M06-L, OreLYP, N12-SX, OLYP, revPBE, t-HCTHhyb,
and M05, have single-digit average ranks when averaged over all
six columns. However, if one already has the experimentally
determined structures, one can obtain single-point energies,
and when averaged over only those two columns, again there

Table 8 The signed errors and mean unsigned errors (MUEs) for the calculated equilibrium bond dissociation energy (Dopt-ECP
e in the units of kcal mol�1)

for the best 12 XC functionals in this category, using the def2-QZVP basis combined with the SDD ECP

Functional Cr2 V2 Mo2 Rh2 VNb ScCo YCo NbCr MUE

t-HCTHhyb �11.1 �7.7 7.0 5.1 0.5 9.5 �10.3 �1.9 6.7
M05 �20.4 12.6 8.6 2.9 10.6 14.0 �11.9 �1.7 10.3
M06-L 6.4 25.0 �7.8 9.3 11.3 24.6 �3.6 5.9 11.7
BLYP 5.1 25.9 4.5 11.0 9.0 31.0 6.5 1.1 11.8
MN15 �20.0 21.0 �14.6 1.7 �0.2 16.2 �8.6 �13.2 11.9
M06 �25.6 18.6 1.7 10.8 12.2 12.4 �13.5 �8.5 12.9
N12-SX �13.7 �24.8 1.5 �3.0 �14.7 �17.4 �32.0 �4.2 13.9
OreLYP �5.0 29.0 �1.9 10.3 11.4 40.2 13.0 �3.5 14.3
OLYP �8.6 30.7 �11.4 5.9 6.9 38.4 11.3 �10.2 15.4
RPBE �12.0 33.0 �20.3 4.8 4.3 31.3 5.8 �16.2 16.0
GAM �18.4 21.0 �6.6 15.6 7.3 42.8 15.8 �6.0 16.7
revPBE �12.8 35.1 �21.2 5.8 4.9 32.9 7.3 �17.1 17.1

Exptl De 36.0 64.2 103.9 55.9 88.1 56.8 60.0 70.3 —

Table 9 The signed errors and mean unsigned errors (MUEs) for the calculated equilibrium bond dissociation energy (Dopt-DKH
e in the units of kcal mol�1)

for the best 12 XC functionals in this category, using the aug-cc-pwCVTZ-DK all-electron basis and DKH2

Functional Cr2 V2 Mo2 Rh2 VNb ScCo YCo NbCr MUE

t-HCTHhyb 10.4 �3.1 2.4 10.9 0.2 5.5 �4.4 �21.5 7.3
N12-SX 10.9 �14.4 4.2 �1.4 �9.5 �10.5 �17.3 2.3 8.8
M06-L �14.3 �7.2 �18.9 �9.2 �8.4 10.3 �4.4 �4.1 9.6
OreLYP 1.4 17.3 �2.0 10.5 8.0 25.2 13.3 �1.1 9.8
OLYP �4.8 18.1 �11.9 6.4 3.0 24.3 11.8 �16.1 12.0
MN12-L 21.7 �17.5 �8.8 �16.1 �22.2 �3.1 �12.6 3.2 13.2
RPBE �10.3 23.8 �22.1 5.9 1.8 22.8 10.7 �17.8 14.4
BLYP 14.4 25.2 5.5 13.2 11.4 27.0 13.0 7.1 14.6
GAM �20.5 5.9 �22.8 12.2 �3.7 20.9 6.5 �26.9 14.9
M05 �33.8 �16.8 �13.2 �6.3 �10.8 �10.6 �22.7 �11.2 15.7
revPBE �11.1 26.4 �22.6 6.9 2.8 24.8 12.6 �18.6 15.7
B97-1 1.1 �26.4 �12.1 �4.7 �21.3 �21.3 �27.2 �16.7 16.4

Exptl De 36.0 64.2 103.9 55.9 88.1 56.8 60.0 70.3 —
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are nine functionals with single-digit ranks, with GAM replacing
RPBE on the above list. If one considers only the prediction of
the geometry (i.e., of the equilibrium internuclear distance), the
functionals with single-digit average ranks are BLYP, RPBE,
SOGGA11, revPBE, PBE, MOHLYP, MN12-L, and OreLYP. If we
only consider the homonuclear bimetallic bonds tested in this
work, BLYP, MN12-L, and SOGGA11 give the best bond lengths,
and their mean unsigned errors (averaged over both ECP and
DKH approaches) are respectively 0.025, 0.046, and 0.047 Å; and
t-HCTHhyb, N12-SX, and OreLYP give the best bond energies,
and their mean unsigned errors (averaged over all of the
four approaches for computing De) are respectively 5.8, 8.6, and
9.2 kcal mol�1. This order is consistent with the trend of consider-
ing the performance of functionals for the whole test set.

A somewhat surprising result of the present study is the
sometimes very large difference in predictions when using ECPs
and when using all-electron calculations. One might be tempted
to conclude that one should not use ECPs except for the fact that,
on average, the results with ECPs are more accurate. An inter-
esting contrast is that the performance of M06-L is not sensitive
to whether one uses an ECP basis or an all-electron aug-cc-
pwCVTZ-DK basis with DKH2, but for MN15, the ECP basis tends
to give better results than the aug-cc-pwCVTZ-DK basis with the
DKH2 Hamiltonian. The situation regarding ECPs and DKH
calculations needs further study.

Generally, local functionals show better performances for
predicting the bond lengths, while some hybrid functionals,
such as t-HCTHhyb, M05, M06, N12-SX, and MN15 (when used

Table 10 Rankings of the performances of various XC density functionals, combined across both ways of computing re and all four ways of computing De

Functional X re ECP re DKH De SP-ECP De SP-DKH De opt-ECP De opt-DKH Overall

BLYP 0 1 1 5 10 4 8 1
RPBE 0 4 2 10 8 10 7 2
M06-L 0 12 18 4 2 3 3 3
OreLYP 0 11 8 8 4 8 4 4
N12-SX r25 19 13 6 3 7 2 5
OLYP 0 13 7 11 6 9 5 6
revPBE 0 6 3 14 11 12 11 7
t-HCTHhyb 15 27 30 1 1 1 1 8
M05 28 29 25 2 9 2 10 9
PBE 0 8 5 20 15 19 14 10
MOHLYP 0 9 6 16 18 16 17 11
M06 27 30 26 7 14 6 18 12
MGGA_MS2 0 7 24 23 16 21 13 13
SOGGA11 0 5 4 21 24 22 28 14
MN12-L 0 2 14 42 7 40 6 15
GAM 0 42 32 13 5 11 9 16
O3LYP 11.61 22 33 12 13 15 19 17
MN15-L 0 23 36 9 20 13 15 18
MGGA_MS1 0 3 17 28 21 28 23 19
B97-1 21 26 37 15 17 14 12 20
MGGA_MS0 0 10 10 27 23 27 24 21
SOGGA 0 16 11 25 26 23 25 22
PBEsol 0 15 9 26 27 24 26 23
TPSSh 10 33 31 17 12 18 16 24
M11-L 0 21 15 22 19 29 22 25
N12 0 18 16 18 30 17 29 26
MN15 44 38 46 3 25 5 27 27
MN12-SX r25 32 20 29 22 25 20 28
B3LYP 20 25 29 24 28 26 30 29
MPW3LYP 21.8 28 47 19 29 20 21 30
B97-3 26.93 24 19 30 32 31 37 31
PW6B95 28 41 21 31 31 30 34 32
t-HCTH 0 17 12 48 35 45 33 33
oB97X-D Z22.2 34 23 34 34 33 35 34
MGGA_MS2h 9 14 28 39 38 38 39 35
oB97X Z15.77 39 34 32 33 32 32 36
B1LYP 25 20 35 38 39 39 38 37
PBE0 25 44 27 37 37 36 40 38
HSE06 r25 40 40 36 36 34 36 39
MPW1B95 31 43 44 33 40 35 31 40
SOGGA11-X 40.15 31 22 44 43 44 44 41
M08-SO 52.23 36 38 35 49 37 49 42
M05-2X 56.79 47 39 40 41 41 43 43
M11 Z42.8 37 48 45 42 47 41 44
M06-2X 54 46 42 41 44 42 48 45
MPWB1K 44 45 41 43 46 43 46 46
MPW1K 42.8 35 45 50 48 49 47 47
M08-HX 56.79 48 43 47 47 48 45 48
PWB6K 46 49 50 46 45 46 42 49
M06-HF 100 50 49 49 50 50 50 50
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with an ECP), are able to provide reasonably accurate bond
energies. The meta-GGA functionals and the hybrid meta-GGA
functionals with small or moderate amounts of Hartree–Fock
exchange generally have good performances. This means adding
kinetic energy density (i.e., t) into the XC density functional can
improve its performance, and this could be attributed to the ability
of kinetic energy density to recognize the slowly varying electron
density and to distinguish various types of chemical bonds.71–73

Hybrid density functionals with large amounts of Hartree–Fock
exchange fail even qualitatively – this is not surprising since it was
pointed out in the original papers for functionals like M08-HX,
M08-SO, and M06-2X that – because functionals with high
Hartree–Fock exchange were already known to perform poorly
for molecules containing transition metals – they were not
optimized for (and hence not recommended for) transition metal
chemistry, although they show excellent performance for main-
group chemistry. The only functionals in the top 50%-ile in the
overall average rank (Table 10) that have nonzero Hartree–Fock
exchange are N12-SX (25% at small interelectronic separation,
decreasing to zero as interelectronic separation increases),
t-HCTHhyb (15%), M05 (28%), M06 (27%), O3LYP (11.61%),
B97-1 (21%), and TPSSh (10%). The physical reason for the poor
performance when Hartee–Fock exchange is included is the static
correlation error74 brought in by the Hartree–Fock exchange.

Over 60% of the density functionals we tested here have
average unsigned errors larger than 20 kcal mol�1 for predicting
the bond energies, and the majority of the density functionals
cannot give the bond lengths (on average) better than 0.08 Å. Only
two functionals (M06-L and OreLYP) can give MUEs smaller
than 10 kcal mol�1 for bond energies and also give MUEs
smaller than 0.05 Å for bond lengths. The N12-SX functional
can also give bond energies better than 10 kcal mol�1, but with
slightly larger average errors in bond lengths. This situation
clearly exposes the limitations of the current exchange–correlation
functionals for metal–metal bonds with a highly multireference
character.

5. Analysis
5.A. Broken-symmetry solution of V2

In this section, we first discuss the broken-symmetry UKS-DFT
solution of the V2 molecule, which is chosen as an example to
illustrate some characteristics of the broken-symmetry calcula-
tion. The CASSCF calculation shows that the dominant configu-
ration (which contributes 71% to the total wave function) of V2 is

s3d
z2

� �2
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2
d3d

x2�y2

� �1
d3dxy
� �1

;

where the two s orbitals are actually 3dz2 and 4s hybridized; the
second most important configuration, which has a contribution
of 3%, is

s3d
z2

� �2
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2
d3d

x2�y2
�

� �1
d3dxy

�� �1
;

The CASSCF wave function is a 3S�g state, where ‘‘g’’
indicates that the total electronic wave function is symmetric

with respect to the inversion center (the direct product of the
two delta orbitals of the dominant configuration is g � g = g),
and ‘‘�’’ indicates that the total wave function changes its sign
under reflection in the yz mirror plane (the z axis is along the
bond) because the direct product of the two delta orbitals
‘‘+’’�‘‘�’’ = ‘‘�’’. However, the symmetry of the electronic state
of a broken-symmetry UKS-DFT wave function cannot be
assigned in this way; the symmetry elements (such as inversion
center or yz mirror plane) can be absent in the BS-UKS wave
function. This illustrates a key aspect of the BS calculation,
namely the breaking of the spatial symmetry. We will further
illustrate this by comparing the shape of the BS-UKS orbitals
and the CASSCF orbitals.

For the t-HCTHhyb functional, which performs the best for
this molecule (also it is the best in general), we compare the KS
orbitals from three different SP-ECP calculations (single-point
calculations at the experimental bond length with the ECP
basis): (1) UKS calculation with the mixed HOMO and LUMO
as the initial guess, but not using ‘‘stab = opt’’ to further break
the symmetry in order to find the stable SCF solution; (2) BS-UKS
calculation using ‘‘stab = opt’’ and the same initial guess in (1);
and (3) the calculation that we actually used in computing the
bond energy in this paper, i.e., a BS-UKS calculation using
‘‘stab = opt’’ and where we also varied the initial guess (where
various initial guesses were generated by different preliminary
UKS calculations) in order to find the lowest-energy stabilized
SCF solution. Calculation (3) yields the lowest electronic energy;
it is 4.8 kcal mol�1 lower than the solution from calculation (2),
and it is 17.8 kcal mol�1 lower than calculation (1).

Next, we compare the shape of some of the KS orbitals obtained
from calculations (1), (2) and (3), with the CASSCF orbitals,
which are shown in Fig. 1; orbitals from different calculations
but with nearly indistinguishable shape are omitted from dis-
cussion here. As we can see from Fig. 1, the CASSCF orbitals
have well-defined symmetries; all of the three plotted orbitals
have an inversion center and xy and yz mirror planes. The KS
orbitals from calculation (1) are very similar to the CASSCF
orbitals, and they also have the symmetry elements mentioned
above. However, the spatial symmetries are significantly dis-
torted in the KS orbitals generated from calculations (2) and (3).
The inversion center and the xy mirror plane are lost in the
d3d

x2�y2
, and d3d

x2�y2
� orbitals of both (2) and (3), while in (2), the

yz mirror plane is still present; these two orbitals are further
twisted in (3) and the yz mirror plane no longer exists. Although
these significantly broken-symmetry orbitals are clearly d-like
orbitals, the symmetry of the Slater determinant of the BS-UKS-DFT
solution is no longer well defined.

Another aspect of broken-symmetry solutions is that the
resulting wave function is not necessarily a spin-eigenfunction;
it mixes multiple electronic configurations in order to produce
an optimal electron density for a multireference system by using
a single Slater determinant. The computed hS2i values for calcu-
lations (1), (2), and (3) are, respectively, 2.00, 2.94, and 2.01, while
the pure triplet state would have hS2i = 2. For the BS solution of
other functionals, this spin-contamination is sometimes more
severe; for instance, MPW1K gives hS2i = 3.80, which significantly
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mixes in some quintuple state character. Although such ‘‘spin
contamination’’ is considered by many workers to be a flaw
in KS-DFT, we view it otherwise. This is the way that KS-DFT
works; this is the way it optimizes the orbitals to try to represent
the accurate density of a multireference system by a single
Slater determinant.

5.B. Electronic configurations

In this subsection, we compare the dominant electronic con-
figurations of the CASSCF calculations to the configurations of
the optimized DFT Slater determinants.

5.B.1. Mo2, ScCo, YCo, and Cr2. The ground states of all
four of these diatomics are open-shell singlets. For Mo2, the
dominant configuration given by the CASSCF wave function is

s4d
z2

� �2
s5sð Þ2 p4dxzð Þ2 p4dyz

� �2
d4d

x2�y2

� �2
d4dxy
� �2

;

which contributes 66% to the total wave function; the next two
equally important configurations are

s4d
z2

� �2
s5sð Þ2 p4dxzð Þ2 p4dyz

� �2 d4dxy
� �2 d4d

x2�y2
�

� �2
;

and

s4d
z2

� �2
s5sð Þ2 p4dxzð Þ2 p4dyz

� �2
d4d

x2�y2

� �2
d4dxy

�� �2
;

each of which contributes 3.5%. For ScCo, the dominant
configuration of the CASSCF wave function is

s3d
z2

� �2
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2
d3d

x2�y2

� �2
d3dxy
� �2

;

which contributes 81% to the total wave function; the next
important configuration is

s4sð Þ2 p3dxzð Þ2 p3dyz
� �2 d3d

x2�y2

� �2
d3dxy
� �2 s3d

z2

�
� �2

;

which contributes 1.5%. For YCo, the dominant configuration
of the CASSCF wave function is

s3d
z2
�4d

z2

� �2
s4s�5sð Þ2 p3dxz�4dxzð Þ2 p3dyz�4dyz

� �2
d3d

x2�y2�4dx2�y2

� �2
� d3dxy�4dxy
� �2

;

which contributes 80% to the total wave function; the next
important configuration is

s4s�5sð Þ2 p3dxz�4dxzð Þ2 p3dyz�4dyz
� �2

d3d
x2�y2�4dx2�y2

� �2
d3dxy�4dxy
� �2

� s3d
z2
�4d

z2

�
� �2

;

which contributes 3.5%. For Cr2, the dominant configuration
given by the CASSCF wave function is

s3d
z2

� �2
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2
d3d

x2�y2

� �2
d3dxy
� �2

;

which contributes 47% to the total wave function; the next two
equally important configurations are

s3d
z2

� �2
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2 d3dxy
� �2 d3d

x2�y2
�

� �2
;

and

s3d
z2

� �2
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2
d3d

x2�y2

� �2
d3dxy

�� �2
;

each of which contributes 5%. We will use Cr2 as a representa-
tive case for this group of four molecules.

To illustrate how KS-DFT models these states, we compare
the CASSCF description of Cr2 to the descriptions given by
four of the exchange–correlation functionals studied here, in
particular, t-HCTHhyb, M06-L, PBE0 and MPW1K. The first two
functionals are among the best functionals for SP-ECP com-
puted bond energies, and the last two are among the least
accurate functionals (which is not surprising in the case of
MPW1K since generalized gradient approximation functionals
with a percentage of Hartree–Fock exchange as high (42.8%) as
that in this functional are not designed for treating multi-
reference systems). For all four of these functionals, we found
net a electron density located on Cr-1 and net b electron density
located on Cr-2; the spin densities given by the Hirshfeld
population on Cr-1 for t-HCTHhyb, M06-L, PBE0, and MPW1K
are, respectively, 3.08, 2.96, 3.69, and 4.06. The spin density
on Cr-2 has the same value as on Cr-1 but with a negative
sign (which means a net b electron density on Cr-2, and a total

Fig. 1 (a) KS orbitals of V2 yielded from calculation (1), (b) from calculation (2),
(c) from calculation (3); (d) CASSCF orbitals. From left to right are, respec-
tively, s3dz2

, d3dx2�y2 , and d3dx2�y2
� orbitals. Please see Section 5.A for the

definitions of calculations (1) to (3). All of the orbitals are plotted with the
same contour value of 0.40.
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open-shell singlet for the molecule). The electronic configurations
given by all of these four functionals may be written as

s3d
z2

� �2
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2
d3d

x2�y2

� �2
d3dxy
� �2

;

where we combined the spin–orbitals with similar character
together. This illustrates a general aspect of the results, namely that
the quantitative inaccuracies need not result from getting the orbital
occupancies wrong; just as for single-reference systems, there can be
significant errors in the bond energies even for a qualitatively correct
description of the orbital occupancies. This may be attributed to the
quantitative dependences of the exchange–correlation functionals
on spin densities, their gradients, and – for meta functionals – on
the kinetic energy densities. In other cases, as illustrated in the next
subsection, we do indeed find different orbital occupancies.

5.B.2. VNb and V2. For VNb, the dominant configuration
given by the CASSCF wave function is

s3d
z2
�4d

z2

� �2
s4s�5sð Þ2 p3dxz�4dxzð Þ2 p3dyz�4dyz

� �2
d3d

x2�y2�4dx2�y2

� �1
� d3dxy�4dxy
� �1

;

which contributes 73% to the total wave function. For V2, the
dominant configuration given by the CASSCF wave function is

s3d
z2

� �2
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2
d3d

x2�y2

� �1
d3dxy
� �1

;

which contributes 71% to the total wave function.
We investigate the electronic configuration given by KS-DFT

for V2 as an example. The net atomic spin densities given by
t-HCTHhyb, M06-L, and PBE0 are the same, with 1.00 on V-1
and 1.00 on V-2; however, for MPW1K, the spin density on V-1
is 3.62 while on V-2 it is �1.62. The electronic configurations
given by t-HCTHhyb and PBE0 are

s3d
z2

� �2
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2 ~d
� �1

~d
� �1

;

where ~d indicates that the orbital symmetry is significantly
broken, and one cannot assign the MO cleanly to either 3dx2–y2

or 3dxy AO. For M06-L the electronic configuration for the
lowest-energy stabilized solution is

s3d
z2

� �2
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2 d3d
x2�y2

� �1
d3dxy
� �1

;

which is qualitatively correct, but for MPW1K, the electronic
configuration is

s3d
z2

� �1
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2 ~d
� �2

~d
� �1

;

which is not the dominant electronic configuration given by CASSCF.
5.B.3. Rh2. The dominant configuration given by the CASSCF

wave function is

s4d
z2

� �2
s5sð Þ2 p4dxzð Þ2 p4dyz

� �2
d4d

x2�y2

� �2
d4dxy
� �2

� s4d
z2

�
� �1

p4dxz
�ð Þ1 p4dyz

�� �1
d4d

x2�y2
�

� �2
d4dxy

�� �1
which contributes 71% to the total wave function.

The net atomic spin densities for Rh-1 given by t-HCTHhyb,
M06-L, PBE0, and MPW1K are, respectively, 1.93, 2.00, 2.00,
and 1.91; while for Rh-2 they are 2.07, 2.00, 2.00 and 2.09. More
detailed examination shows that M06-L gives the same electro-
nic configuration as CASSCF, with well-defined orbital charac-
ters (i.e., s, p, or d characters); while for t-HCTHhyb, PBE0, and
MPW1K, the BS-UKS orbitals are significantly distorted, and
one cannot identify the orbital character and the symmetry of
the orbital.

5.B.4. VCr and NbCr. For VCr, the dominant configuration
in the CASSCF wave function is

s3d
z2

� �2
s4sð Þ2 p3dxzð Þ2 p3dyz

� �2
d3d

x2�y2

� �2
d3dxy
� �1

;

which contributes 60% to the total wave function. For NbCr, the
dominant configuration given by the CASSCF wave function is

s3d
z2
�4d

z2

� �2
s4s�5sð Þ2 p3dxz�4dxzð Þ2 p3dyz�4dyz

� �2
d3d

x2�y2�4dx2�y2

� �2
� d3dxy�4dxy
� �1

;

which contributes 57% to the total wave function.
Next we compare the above electronic configuration for NbCr

(whose experimental bond energy is available) to the electronic
configurations of the BS-UKS-DFT calculations. The spin-densities
on Nb as given, respectively, by t-HCTHhyb, M06-L, PBE0, and
MPW1K are 1.34, �1.58, 2.04, and 2.63; on Cr the spin densities
are �0.34, 2.58, �1.04, and �1.63. Further examination of the
electronic configurations shows that those given by t-HCTHhyb,
PBE0, and MPW1K are the same as CASSCF, but for M06-L,
the electronic configuration of the lowest-energy stabilized BS
solution is

s3d
z2
�4d

z2

� �2
s4s�5sð Þ1 p3dxz�4dxzð Þ2 p3dyz�4dyz

� �2
d3d

x2�y2�4dx2�y2

� �2
� d3dxy�4dxy
� �2

;

which differs from the one given by CASSCF.

5.C. Possible sources of errors

A previous study9 found that the signed error (SE) for the bond
dissociation energy of V2 is related to the KS orbital energy

difference between the 3dz2 and 4s orbitals De ¼ e3d
z2
� e4s

� �
,

because two key sigma orbitals s3d
z2
and s4s

� �
are hybridized

from these two AOs. A larger De tends to give a negative SE,
and a smaller De tends to give a positive MSE. The electronic
structures of the diatomics studied in the present work are
similar to V2, and the compositions of the MOs are very alike.
In the case of V2, the percentage of nonlocal exchange is also
well correlated with the MSE. However, in our present study,
a few meta functionals with more than 25% Hartree–Fock
exchange, in particular, M05, M06, and MN15 (with Hartree–
Fock exchange percentages of, respectively, 28, 27, and 44%),
are still able to perform quite well among all the functionals we
tested when used with the ECP basis; we attribute this to the
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careful parameterization of these functionals, which were designed
to be broadly accurate.

In the present study, as in all of our applications of KS-DFT,
we are seeking the lowest-energy solution (for a pre-specified
MS quantum number) in the BS-UKS formulation. The resulting
solution is our best approximation, for a given exchange–
correlation functional, to the ground-state energy, and there is
no guarantee that the approximate exchange–correlation func-
tional predicts the correct electronic configuration. Furthermore,
we have found that attempting to ‘‘correct’’ the symmetry of the
Slater determinant does not necessarily lead to better results.11

The broken-symmetry character of the solution can make the
symmetry assignment of the electronic state ambiguous or
invalid, which can be a problem for excited states. But we cannot
judge the success of the density functional entirely by comparing
the orbitals to those of a wave function calculation (for example,
a CASSCF calculation) because the goal of KS-DFT is to predict
the ground-state energy and density, not to predict the multi-
configurational wave function. In applications to practical pro-
blems, an accurate wave function calculation is often unavailable
and unaffordable, and the applier of DFT does not necessarily
know the symmetry of the correct ground state. The exact density
can be found from the exact wave function, which has all the
correct symmetries; and the exact density can also be found from
the Slater determinant obtained with an exact density functional,
but we should keep in mind that the Slater determinant,
although it gives the exact density, does not necessarily have
the same symmetry properties as the exact wave function.
Therefore, we optimize the Slater determinant to minimize
the calculated ground-state energy, independent of symmetry
considerations except for the total electron spin component MS;
this provides a systematic approach whose accuracy can be
tested for small systems, and that is what we have done in the
present article.

5.D. Future

It is a continuing challenge to develop more universal Kohn–
Sham exchange–correlation functionals74 that can improve the
performance on this kind of problem. In addition, it will be
interesting in future work to see how well multi-configuration
pair-density functional theory75 (MC-PDFT) can do on the
present test set. MC-PDFT combines density functional theory
with multi-configurational reference wave functions. We have
already seen improvement for transition metal systems over
Kohn–Sham density functional theory by using the MC-PDFT
theoretical framework.76

6. Summary

Kohn–Sham density functional theory represents the density
with a single-configuration (in particular, a single Slater deter-
minant) reference function. In this work, we explore the ability of
Kohn–Sham density functional theory, with modern exchange–
correlation functionals, to predict the bond lengths and bond
dissociation energies of various 3d and 4d bimetallic diatomic

molecules. These systems are strongly correlated and present
a serious challenge for KS-DFT (as well as for wave function
theory); in fact these dimers are expected to be more difficult to
treat than, for example, closed-shell organometallics, and hence
they provide a critical test relevant to the treatment of open-shell
systems that might occur in catalytically active sites and catalytic
intermediates. We find that most of the functionals show a mean
unsigned error in bond energies larger than 20 kcal mol�1; in fact
the median of the 50 mean unsigned errors is 28 kcal mol�1 when
using ECPs and 26 kcal mol�1 when using the DKH method.
Furthermore, we find that the median of the 50 mean unsigned
errors in bond length is 0.08 Å using effective core potentials and
0.12 Å using the DKH method.

Nevertheless, a few XC functionals, in particular, M06-L,
OreLYP, and N12-SX are able to predict both bond energies with
a mean unsigned error of less than 10 kcal mol�1, and bond
lengths with a mean unsigned error of less than 0.07 Å. A final
choice of application for a complex application will often have to
also consider bond energies, barrier heights, and weak interactions
for main-group molecules, which are sometimes critical in catalytic
cycles, and we refer the reader to other studies3,77–83,95,102,117,122 for
comparisons of functionals in a broader context.

For transition-metal systems in which metal–metal bond
making or bond breaking is involved, even if one is using the
functionals with best average performance, the results may
have significant errors; and predicted differences smaller than
10 kcal mol�1 between different reaction paths should be used
with caution. As demonstrated in this work, bimetallic diatomics
are clearly a challenge for single-reference-based Kohn–Sham
density functional theory, and the results are less accurate than
those obtained for the main-group chemistry or for transition-
metal bonds to nonmetallic ligands.
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