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The neutral muonic helium atom 4Heμ, in which one of the electrons of He is replaced by a
negative muon, may be effectively regarded as the heaviest isotope of the hydrogen atom, with a
mass of 4.115 amu. We report details of the first muon spin rotation (μSR) measurements of the
chemical reaction rate constant of 4Heμ with molecular hydrogen, 4Heμ + H2 → 4HeμH + H, at
temperatures of 295.5, 405, and 500 K, as well as a μSR measurement of the hyperfine coupling
constant of muonic He at high pressures. The experimental rate constants, kHeμ, are compared with
the predictions of accurate quantum mechanical (QM) dynamics calculations carried out on a well
converged Born–Huang (BH) potential energy surface, based on complete configuration interaction
calculations and including a Born–Oppenheimer diagonal correction. At the two highest measured
temperatures the agreement between the quantum theory and experiment is good to excellent,
well within experimental uncertainties that include an estimate of possible systematic error, but at
295.5 K the quantum calculations for kHeμ are below the experimental value by 2.1 times the
experimental uncertainty estimates. Possible reasons for this discrepancy are discussed. Variational
transition state theory calculations with multidimensional tunneling have also been carried out for
kHeμ on the BH surface, and they agree with the accurate QM rate constants to within 30% over
a wider temperature range of 200–1000 K. Comparisons between theory and experiment are also
presented for the rate constants for both the D + H2 and Mu + H2 reactions in a novel study of
kinetic isotope effects for the H + H2 reactions over a factor of 36.1 in isotopic mass of the atomic
reactant. © 2011 American Institute of Physics. [doi:10.1063/1.3657440]

I. INTRODUCTION

Isotopic substitution has long been a valuable tool for
mechanistic analysis and testing of fundamental theories of
chemical kinetics. In the Born–Oppenheimer (BO) approx-
imation, the potential energy surface (PES) is independent
of the nuclear masses, and this simplifies the calculation
of kinetic isotope effects (KIEs), which are the ratios of
rate constants for two reactions differing only in isotopic
masses. Although KIEs can be measured for any isotopic
substitutions, exemplified by the substitution of 13C for 12C
(mass ratio of 1.08), the largest KIEs are found at the lowest
end of the mass scale, and they are historically associated
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with the substitution of D (deuterium) for 1H. Although the
use of T (tritium) allows for KIEs with a mass ratio of 3,
thermal reaction rate studies of T atom kinetics have rarely
been carried out, in part because tritium is difficult to handle,
being dangerously radioactive. Thus it has fallen to muon
science to extend the H-atom isotopic mass scale in reaction
rate studies beyond its normally accessible range.1, 2

The lightest H atom isotope is muonium (Mu ≡ μ+e−),
formed by charge exchange when a positive muon (μ+) takes
an electron from surrounding material to form the neutral
Mu atom.3, 4 Although lacking a nucleus in the conventional
(hadronic) sense, the muon is still ∼207 times heavier than an
electron, so Mu (unlike positronium) behaves chemically like
a very light H atom, with a mass of only 0.114 amu. Due to its
remarkably low mass, Mu has proved to be an unusually sen-
sitive probe of quantum effects on nuclear motion in reaction
rates, both in terms of zero-point-energy (ZPE) shifts and in
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its propensity to manifest quantum tunneling.5–22 In compar-
ison with the reaction rates of 1H, D, and T, the study of Mu
reactivity allows comparisons between theory and experiment
for isotopic mass ratios up to 27.

At the end of its slowing-down processes, a negative
muon (μ–), in contrast to a μ+, is captured by an atom into
a “muonic orbit,”23, 24 and, in the case of capture by atomic
4He, forms the neutral 4Heμ atom after charge-exchange with
an added dopant (see below),25, 26 in which a μ− has replaced
one e− in 4He. With an atomic mass of 4.115 amu, the neutral
muonic He atom (hereafter denoted Heμ) extends the isotopic
mass scale in the opposite direction compared to Mu, giving
effectively the heaviest isotope of the H-atom. The Heμ atom
behaves as an isotope of hydrogen because the heavy mass of
the negative muon leads to a muonic 1s orbital that is so close
to the nucleus (a factor of ∼400 times closer than the elec-
tron 1s orbital) that the μ– fully screens one proton charge.
(The radionuclides 4H, 5H, 6H, and 7H have been reported but
these are all unstable to neutron emission, and thus have very
short lifetimes, ∼10−22 s,27 making them experimentally in-
accessible for reaction rate studies.) Past comparisons of the
Lamb shift and the hyperfine coupling constant of muonic
helium25, 28, 29 with those of hydrogen and muonium30 have
drawn intense interest over the years because they provide im-
portant tests of quantum electrodynamics. However, the util-
ity of muonic helium as an isotope of hydrogen in chemical
reaction rates has, until recently,31, 32 gone largely unrealized.

In this paper, we report on the background to and exper-
imental details for the kinetics study of this heaviest accessi-
ble isotope of the hydrogen atom, and in particular its reaction
with molecular hydrogen, the Heμ + H2 → HeμH + H reac-
tion. Study of the H + H2 reaction has long played a key role
in extending our understanding of reaction dynamics,33–36 and
herein we exploit the unparalleled accuracy of theory for this
system, both in terms of the PES and the quantum dynam-
ical calculations, to compare with these Heμ + H2 results.
Experimental rate constants were determined at 295.5, 405,
and 500 K and were briefly reported on earlier;32 these results
completely supersede some preliminary data at 295.5 K re-
ported in a conference proceedings.31 The experimental data
are compared with theoretical results from accurate quantum
mechanical (QM) calculations and variational transition state
theory (VTST) methods. The results here are also compared
with analogous studies for the Mu + H2 reaction reported in
1987 (Ref. 9) and with results for D + H2,37–42 with a view
to providing a novel study of KIEs over a range of a factor of
36.1 in isotopic mass.

II. FORMATION OF Heμ AND MEASUREMENT OF ITS
HYPERFINE COUPLING CONSTANT BY μSR

Due to the nuclear weak interaction, muon beams (μ+

and μ−) can be produced from pion (π+and π−) decay with
almost 100% longitudinal spin polarization4, 24 at an acceler-
ator such as TRIUMF, where the present experiments were
carried out. In the subsequent decay of a muon (μ± → e±νν̄),
the resulting e±, which is detected in the experiments, is emit-
ted preferentially along the muon spin direction in the case of
μ+ decay, or in the opposite direction for μ− decay. The latter
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FIG. 1. Schematic of the experimental apparatus (left) and the anisotropy
pattern of decay electrons (right). The incident negative muon (μ–), which
is polarized opposite (green arrow) to its momentum direction (black arrow),
triggers a “muon counter” and starts a time-to-digital converter (TDC), which
is stopped by the detection of a decay electron in an “electron counter” po-
sitioned at a fixed angle, θ , with respect to the incident muon beam. In this
experiment the energy-averaged “asymmetry’’, aμ, is measured and has a
nominal value of aμ = 1/3, and this is the decay pattern shown on the right.

case, of principal interest here, is shown schematically, along
with a simple counter arrangement, in Fig. 1. The incident
polarized μ− (green arrow) triggers a counter, sending a
“start’’ signal to a time-to-digital converter (TDC), before
stopping in the target; it later decays (τ = 2.197 μs for a bare
muon), emitting its decay e− (with the same helicity as the in-
cident μ−), which triggers a second counter, sending a “stop”
signal to the TDC. In practice there are often 2–3 detectors in
a “counter telescope” with various coincidences demanded as
well as additional telescopes depending on the experimental
environment.26 The number of electrons detected within a
time interval δt at time “t” between start and stop, N(t)δt,
plotted vs. t, gives an experimental histogram of detected
events. The anisotropy in the muon decay pattern mentioned
above is shown on the right of Fig. 1, representative of an
“asymmetry” of aμ = 1/3, appropriate for fully polarized μ−

after averaging over e− decay energies. In a μSR (muon spin
“relaxation” or “resonance” as well as “rotation”) experiment,
this anisotropy pattern will shift the counts away from expo-
nential decays in each histogram bin depending on the angle
(θ ) between the muon spin direction and the electron counter
at the time of decay (the time t of the bin). When the muon
spin precesses in a magnetic field, this effect is seen as an os-
cillating signal on top of the exponential decay(s). In general,
the muon polarization is distributed among several different
environments initially, and is lost over time as well as pre-
cessing, such that the total asymmetry is A(t) = ∑

i ai(t). This
is the basis of the μSR technique3, 4, 26, 43–46 employed here.

Although the kinetic energies of muon beams can be sev-
eral MeV upon entering the gas target, most of this energy
is lost to ionization and inelastic scattering processes down
to energies of ∼100 keV.3, 4 In this “Bethe–Bloch” regime,
which is essentially the same for μ+ and μ− beams, there is
no loss in muon polarization because the muon spin is unaf-
fected by what are basically Coulomb interaction processes.
It is at lower energies that the fates of positive and negative
muons differ. The μ+ undergoes a series of charge-exchange
(CE) cycles in a gas, emerging (in most gases) mainly as
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muonium (Mu) with kinetic energies of ∼10 eV, which then
thermalizes to ∼kBT energies (where kB is Boltzmann’s con-
stant and T is temperature) on a time scale of order 10 ns
at densities equivalent to 1 bar at 300 K—much faster than
typical (∼1 μs) chemical reaction times for Mu with added
reactants.2–4, 12, 14, 21 During this final thermalization process
the muon polarization in Mu is shared with the electron, and,
at observation times, may also be distributed among differ-
ent environments including diamagnetic molecular products
formed as a result of “hot” Mu reactions that occurred at
epithermal energies.1, 2, 4 At observation times, the μSR sig-
nal exhibits a high polarization in most molecular gases cor-
responding to an observed Mu fraction of typically about
80%.4, 44, 47

In marked contrast, μ− particles at comparable energies
of tens of keV are captured into high-l atomic orbitals and
then rapidly cascade down to the muonic 1s state23, 26, 45 in
a time of ∼0.1 ns for He.26, 29 The accompanying Auger pro-
cesses usually eject both of the atomic electrons in He, leaving
the positive (Heμ)+ ion, which, as with μ+, can be neutral-
ized in a CE collision with a dopant labeled X,

(Heμ)+ + X → Heμ + X+, (1)

forming the neutral Heμ muonic atom (the name “muonic
atom’’ is used for the neutral species in this paper, although
in the μ− literature it also often denotes the positive ion that
is formed by the cascade process23, 24). These different cap-
ture and thermalization processes for μ+ and μ− beams are
compared and contrasted in the schematic diagram shown in
Fig. 2.

Unlike the case in Mu formation, the CE process in
Eq. (1) is thought to proceed at near-thermal energies, so it
is necessary to choose dopants with an ionization potential
(IP) less than that of the neutral atom, which for Heμ is
essentially the same as for other hydrogen isotopes, namely
13.6 eV. In almost all previous studies of Heμ formation,
Xe (IP = 12.1 eV) has been used as the dopant but only
very weak μSR signals with polarizations of ∼1% were
observed.25, 26, 28 An exception is the work of Barton et al.,29

where CH4, though with a similar IP of 12.5 eV, was used as a
dopant in an experiment with optically pumped Rb. This low
polarization is partly due to preferential capture of the μ− on
the high Z = 54 Xe atom (the empirical Fermi–Teller Z law23

predicts that the capture is proportional to Z) and partly due to
additional depolarization mechanisms in the cascade process
in He that are still not understood. (In the absence of other
depolarization mechanisms, most I = 0 muonic atoms have
residual μ− polarizations in the 1s state of about 6%.23, 24, 45)

In the present study NH3 was used as the added dopant,
also at the 1%–2% level (though at high total pressures) in
the hope of seeing a larger signal, due both to its reduced
total charge (Z = 10) and lower IP (10.8 eV). The latter
could also be particularly important if complex molecular
ions, [(Heμ)He]+, with increased binding energy, were to
form at the high He densities of the experiment. However, al-
though some improvement was seen in the absence of added
H2 reactant,31 the observed polarization was comparable to
that reported earlier26 in Xe and was reduced even further in
the presence of large amounts of H2 (at 295.5 K) due to μ−
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FIG. 2. Schematic of the energy/time domains for μ+/μ− thermalization and
charge neutralization giving Mu/Heμ formation. For μ+ (left), “surface μ+
beams” are often used, from π+ decay at rest [see Refs. 3, 4], where the in-
cident energy is 4.1 MeV, which is reduced to ∼2 MeV upon entering the
gas target. For μ− (right), this mode is not possible and thus “Backward μ−
beams” are used, from π− decay in flight, in which the μ− kinetic energy
upon entering the gas target (see Fig. 1) is about 20 MeV, from the M9B
channel at TRIUMF. In practice, backward μ+ beams were also utilized in
the present study. In both cases most of this incident energy is lost in the
“Bethe–Bloch” regime, where the stopping power, S(E) [see Ref. 3], is simi-
lar. At energies of ∼100 keV, the μ+ enters into a series of charge exchange
cycles, emerging mainly as the neutral Mu atom. In the μ− case, this pro-
cess is atomic capture, emerging, in the case of helium, as the muonic He
ion, (Heμ)+. This is then charge neutralized with a dopant (X) in a manner
similar to Mu formation, but at or near thermal energies. It is the neutral Heμ
atom that is the basis of the present study.

capture on H2 and hyperfine mixing45 in the muonic H atom
thus formed. Somewhat higher μ− polarizations were seen at
the higher temperatures (where the H2 partial pressures are
lower) but the values still remained rather low, necessitating
long run times (∼24 h) at all temperatures.

A Fourier transform (FT) of a precessing μSR signal will
display peaks at characteristic frequencies, just as in NMR,43

an example of which is shown in Fig. 3. The top spectrum
shows the FT signals for a doping of 2.5% NH3 in 290 bar
He in a transverse magnetic field (TF) of 65.63 G. At this
field there are two frequencies as shown, at 90.51 MHz and
94.30 MHz, which reflect the observable transitions of
the hyperfine Hamiltonian in this field range for the Heμ
atom.26, 28, 48 These measured frequencies lead directly26 to
a determination of the hyperfine coupling constant (hfcc)
between the μ− and e− spins, ν0(Heμ) = 4470 ± 8 MHz,
determined in the present study from a weighted average of
several μSR determinations at total pressures near 300 bar.
This compares very well, and well within errors, with much
more precise values determined earlier by an RF-resonance
technique.28, 30 Gardner et al.28 found only a small pressure
shift on ν0(Heμ) and extrapolated from measurements at
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FIG. 3. In a transverse magnetic field (TF), the muon spin in the muonic He
atom precesses at a characteristic frequency that depends on the field. Each
time the muon spin sweeps past a fixed electron counter one detects its en-
hanced decay probability in the counter direction (Fig. 1), giving rise to an
oscillatory pattern, which can be analyzed by Fourier transform (FT) spec-
troscopy. The figure shows the FT spectra for Heμ in the presence of about 7
bar NH3 and He up to a total pressure of 300 bar. The upper spectrum shows
two split frequencies determined in a transverse magnetic field of 65.63 G,
from which the hyperfine coupling constant ν0 can be determined.26, 31 The
lower spectrum shows a single frequency at the low field of 6.22 G, where the
energy splittings become degenerate. It is the observation of the time depen-
dence of this signal (Figs. 4 and 5), and particularly its relaxation rate, upon
which the experimental results are largely based.

pressures up to 18 bar to report a zero-pressure value of
ν0(Heμ) = 4465.005 ± 0.029 MHz. There is no indication
from the present study of any additional pressure dependence.
Despite the lesser precision, this result comes from the first
observation of hyperfine splitting in the spin precession of
Heμ. It was important to identify Heμ by its μSR signal
while establishing that no other paramagnetic muonic spin
states were present, and the measurement is also relevant to
the claim below that this atom can indeed simply be treated
as an isotope of hydrogen.

While confirmation of the observation of the muonic He
atom at intermediate fields was important, the kinetics studies
of interest were all carried out at much lower fields, where the
splitting shown in Fig. 3 becomes negligible, and only a single
frequency that corresponds to the classical limit of “triplet”
Heμ precession is observed. This is shown in the bottom FT
in Fig. 3, in a field of 6.22 G giving νHeμ = 8.75 MHz, almost
the same as would be shown by Mu precession in the same
field.31 The data analysis discussed below is based solely on
this weak-TF μSR signal.

III. EXPERIMENTAL METHODS AND RESULTS

III.A. Target environment

The gas target for these experiments was a thick-walled
316 stainless steel vessel about 25 cm in length having a
Ti (Ti6A14V) front flange with a muon entrance window
2.5 cm in diameter and 3 mm thick. It was heated by two
Watlow cable heaters wound around the circumference in two
locations that minimized internal temperature gradients. The
entire vessel was placed inside a vacuum jacket for insulation
and temperature stability. For runs at 295.5 K, the window
and body temperature of the target cell were measured by
thermocouples (TCs) placed on the cell exterior, but not con-
trolled. At 405 and 500 K the gas temperature was measured
and controlled by an additional TC placed inside the target
vessel. The gas temperature was stable to within a degree
over long run periods of 24 h or more. (Such long run periods
actually helped to ensure T stability because fluctuations that
invariably occur as a result of changing the gas load have am-
ple time to re-equilibrate.) In addition, off-line measurements
of a TC inserted at different positions along the length of the
target vessel (at 1 atm) showed that the temperature gradient
was less than 2 K over the extent of the muon stopping
distribution, and could be expected to be even lower at the
higher pressures of the experiments. The overall temperatures
and uncertainties for each point have then been assessed as
295.5 ± 1.5, 405.0 ± 1.0, and 500.0 ± 1.5 K, and are referred
to hereafter as 295.5, 405, and 500 K, respectively.

Relatively high H2 concentrations were required in these
experiments, particularly at 295.5 K, to ensure that the reac-
tion rate for Heμ + H2 → HeμH + H would be fast enough
to give a reliably measured Heμ spin relaxation rate constant,
denoted λHeμ below. This mandated high He pressures in or-
der to minimize competitive μ− capture on the H2, which in
turn dictated the use of “backward” μ− beams (∼70 MeV/c
momentum or ∼20 MeV kinetic energy), as indicated in
Fig. 2, in order to penetrate the thick Ti entrance window of
the target vessel. Total pressures near 300 bar (from 290 to
335 bar) and 500 bar (from 495 to 510 bar) were run at 295.5
K in order to check for any effect of moderator pressure on the
reaction rate, but at the higher temperatures only a pressure
near 500 bar was employed. The small variations in pressure
noted were due to different target fills and run periods and are
not deemed significant. The majority constituent was He at
all pressures with H2 partial pressures varying up to 110 bar
at 295.5 K, up to 11.5 bar at 405 K, and up to 2.5 bar at 500 K.
The higher H2 pressures (over 11.5 bar) were measured with
one of two Bourdon-tube pressure gauges but lower values
were measured with a Baratron capacitance manometer. The
needle-gauge readings were only accurate to about ±1.5 bar
and ±0.5 bar but the Baratron pressure readings were more
accurate, with an uncertainty of ∼0.5% of the pressure. In ad-
dition, there were corrections for H2 gas blown in from and
diffusing into the transfer tube, taking into account the dif-
ferent temperatures between this tube and the target vessel.
Total uncertainties for [H2] are shown in the plots to follow.
These concentrations were calculated using a recent equa-
tion of state,49 and were also in good agreement with long-
established compressibility data.
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The whole target assembly was placed in the center of the
TRIUMF μSR Omni′ magnetic spectrometer positioned at the
end of the backward-muon M9B beam line at TRIUMF. Two
∼20 mm diameter collimators to define the incident muon
beam were positioned just ahead of the target window. Trans-
verse fields of about 6 G (for Heμ precession) and up to 100 G
(for hyperfine coupling constant measurements) were applied
vertically by Helmholtz coils. Decay electrons were detected
by two (left/right) pairs of plastic scintillator counters in the
plane of precession (recall Fig. 1). Incident gated μ− inten-
sity was about 50 000/s with about 1800 total good e− decay
events per second.

III.B. Data analysis and results

The experimental data are stored in time histograms gen-
erated by individual electron events: the time difference be-
tween the incident μ− “start” and the detected e− “stop” is
recorded by a TDC, as indicated in Fig. 1, and the correspond-
ing bin of the time histogram is incremented. After many
millions of such events, the resulting time distribution is de-
scribed by the function

N (t) = Nconst + NHeμe−t/τHeμ

× [1 + AHeμe−λHeμtcos(ωHeμt + ϕHeμ)]

+
∑

i

Nie
−t/τi [1 + Aie

−λD,i tcos(ωDt + ϕD)], (2)

where Nconst is a normalization term for time-independent
background counts, NHeμ is a normalization for the signal
from the neutral muonic helium atom, which contains the
principal quantities of interest in these experiments (the neu-
tral atom initial “asymmetry,” AHeμ, and its relaxation rate
constant λHeμ), and the Ni are normalizations for different
species formed by μ− capture on different elements, each de-
caying with a different lifetime (τ i) due to different nuclear
capture rates.31, 46, 50 One of these contributions is due to the
(Heμ)+ ion with τHeμ+ = 2.1953 μs,50 which is taken to be
the same as the lifetime τHeμ of the neutral atom, and is close
to the value for the positive muon, τμ+ = 2.1970 μs.50

The other parameters in Eq. (2) are ωHeμ, the Larmor
precession frequency for the neutral muonic He atom, ωD,
the Larmor precession frequency for all diamagnetic environ-
ments, the relaxation rate constants λD, i for those environ-
ments, and the corresponding initial phases (ϕHeμor ϕD). In
practice λD, i was only determined for the muonic He com-
ponent, because those for stops in the metal target window
or walls of the target vessel had little or no diamagnetic con-
tribution, as determined by measurements at higher magnetic
fields, and no significant precession at ωD in a 6 G field within
the short μ− lifetimes. Although a large number of elements
could contribute to μ− capture when considering the alloys
of the reaction vessel, all possible contributions cannot be
disentangled, and the number of terms was limited to four,
including (Heμ)+. A large background at the cyclotron’s RF
frequency (23 MHz), plus harmonics, likely originating from
x-rays emitted by μ− capture in the collimators, also had to
be taken into account. This RF background was removed from
the data prior to fitting it to Eq. (2) by subtracting the signal

FIG. 4. Asymmetry plots for Heμ + H2 at 295.5 K in a field of 6.8 G: (top)
in a gas mixture of 7.2 bar NH3 plus He to 300 bar; (middle) with 25 bar of
added H2 to give a concentration [H2] = 5.9×1020 molecules cm−3; (bot-
tom) as in the top curve but with [H2] = 25.7×1020 molecules cm−3 at 500
bar total pressure. The solid curves are fits of the “asymmetry” defined by
Eq. (2). The observed signal is mainly characterized by the oscillations seen,
due to the Larmor frequency ωHeμ, with initial amplitude AHeμ and relax-
ation rate constant, λHeμ. For [H2] = 0 in the top plot, λHeμ is just the
background relaxation rate constant λb of Eq. (3), and is almost zero (see
also Fig. 6). Note though in the middle and bottom plots that the relaxation
rate increases and the amplitude decreases with increasing H2 concentration.

in t < 0 bins offset by multiples of the beam-pulse interval
(43.3 ns).

Example data and fits are shown for different H2 concen-
trations in Fig. 4 at 295.5 K and in Fig. 5 at 405 and 500 K,
for gas mixtures with 7.2 bar NH3 plus He to total pressures
of ∼300 bar or 500 bar in a field near 6 G (6.8 G and 5.7 G
in different run periods). These plots have been transformed
to show only the relaxing and precessing asymmetry signal.
The solid green-line fits shown are dominated by the preces-
sion of the Heμ atom [the second term of Eq. (2)] with initial
amplitude AHeμ, since in such a low field the slow diamag-
netic precession appears as a slight drift on the time scale dis-
played (particularly for the bottom curve in Fig. 4 with the
highest [H2]). In the case of [H2] = 0 at 295.5 K (upper plot
in Fig. 4), AHeμ = 0.005 and there is essentially no relaxation,
whereas in the next two plots AHeμ is decreasing with increas-
ing [H2] = 5.9 × 1020 and 25.7 × 1020 molecules cm−3,
respectively, due to competitive μ− capture on the hydrogen;
meanwhile, the relaxation rate, λHeμ is increasing due to the
Heμ + H2 reaction. Though weak, with amplitudes AHeμ in
the range ∼0.003–0.005 from fits of Eq. (2) to the data, the
μSR precession signals are nevertheless clearly visible at all
temperatures. The maximum polarization here is only about
2%. (The polarization is the ratio of the observed amplitude
to the value of Amax, usually most reliably determined from
stopping μ+ beams in Ag metal, where there is no depolariza-
tion; in the present TRIUMF study, Amax is 0.29 ± 0.02 from
a series of μ+ runs in He and N2 mixtures at total pressures
from about 100 to 500 bar.) For reference, the corresponding
observed amplitude for Mu precession is in the range ∼0.04–
0.07, an order of magnitude larger than AHeμ.31 It is notewor-
thy from Fig. 5, at much lower concentrations than in Fig. 4,
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FIG. 5. Asymmetry plots for Heμ + H2 in 7.2 bar NH3 plus He to 500 bar
in a 6.8 G TF, with [H2] = 0.87×1020 molecules cm−3 at 405 K in the top
plot, but with [H2] = 0.42×1020 molecules cm−3 at 500 K in the bottom
plot. See the caption to Fig. 4. The initial amplitudes AHeμ are both 0.005,
close to maximum, but the relaxation rates λHeμ are much faster at these
temperatures, even at lower concentrations than in Fig. 4.

with [H2] = 0.87 × 1020 molecules cm−3 at 405 K and 0.42
× 1020 molecules cm−3 at 500 K (both at 500 bar), that the
initial amplitudes AHeμ are close to the maximum value seen
in Fig. 4 (top), due to a much reduced level of competitive
μ− capture at these lower H2 concentrations. Note also that
the relaxation rates, λHeμ, due to the Heμ + H2 reaction, are
considerably faster at the higher temperatures.

In the μSR technique employed,4, 12, 31, 43, 48 there is only
one muon in the target at a given time, so the reaction ex-
hibits pseudo first-order kinetics.48 The measured relaxation
rate constant, λHeμ, is primarily due to dephasing of the dia-
magnetic product HeμH formed from the Heμ + H2 abstrac-
tion reaction. It is related to the rate constant of interest, kHeμ,
by

λHeμ = λb + kHeμ[H2], (3)

where λb is a background relaxation independent of the H2

reactant, due to magnetic field inhomogeneity or impurities
in the dopant NH3 or He gas, including possible reaction of
the Heμ atom with the NH3.

The relaxation rate constants vs. H2 concentration were
measured at two total pressures, near 300 bar and 500 bar,
at 295.5 K, and are plotted in Fig. 6. Figure 7 plots sim-
ilar data at 405 and 500 K from measurements at 500 bar
only. Although there is a hint of a faster relaxation in the 500
bar data of Fig. 6 at 295.5 K, giving kHeμ = (4.09 ± 0.66)
× 10–16 cm3 molecule–1 s–1 (dashed blue fitted line) vs. (3.74
± 0.50) × 10–16 in the same units at 300 bar (dashed green
fitted line), these slopes are within uncertainties, as are the
individual determinations of λHeμ. A simultaneous fit to both
data sets (magenta fitted line) in Fig. 6 gives k295.5 K = (3.85
± 0.40) × 10–16 cm3 molecule–1 s–1. It is noted that no den-
sity dependence is expected for the Heμ + H2 abstraction re-
action. Accordingly, the higher temperature data (Fig. 7) were
taken at 500 bar pressure only, which provides a better muon
stopping density at these temperatures. The fitted rate con-
stants from the slopes in Fig. 7 are: k405 K = (7.06 ± 0.87)
× 10–15 cm3 molecule–1 s–1 and k500 K = (3.56 ± 0.56)

FIG. 6. Relaxation rate constants vs. [H2] from fits of Eq. (2) to the data for
the Heμ + H2 reaction at 295.5 K. The data were measured at two different
total (mainly He) pressures, ∼300 bar (green data points and fitted line) and
500 bar (blue data points and fitted line), fit to Eq. (3), with the simultaneous
fit of both data sets shown by the solid magenta line. The rate constants kHeμ

are given by the slopes: kHeμ = (3.74 ± 0.50) × 10−16 cm3 molecule−1

s−1 at 300 bar, (4.09 ± 0.66) × 10−16 cm3 molecule−1 s−1 at 500 bar, with
the combined value, k295.5K = (3.85 ± 0.40) × 10−16 cm3 molecule−1 s−1.
Though errors on the determination of [H2] are shown, these have little im-
pact on the fit. The errors on the plotted points and on the rate constants
determined from the slopes are statistical only. Note the value of λb from the
[H2] = 0 intercept, ~0.05 μs−1, close to zero on the plotted scale.

× 10–14 cm3 molecule–1 s–1. The quoted uncertainties are sta-
tistical only, from the MINUIT (Ref. 51) fits to the data. Al-
though these signals are weak and difficult to fit, the results
were remarkably stable to parameter variations and choices
for initial guesses. Still, some systematic error can be ex-
pected and this is assessed below.

Molecular oxygen is a common impurity in most gases,
although usually at low levels. Being paramagnetic, O2

FIG. 7. Relaxation rates vs. [H2] for the Heμ + H2 reaction rate at 405 K
(lower blue data points and fitted line) and 500 K (upper red data points and
fitted line). See also caption of Fig. 6. Accurate H2 partial pressures were
measured to 0.5% with a Baratron manometer over the whole concentration
range for the data at 500 K and for the lower pressures at 405 K, and these
uncertainties give error bar smaller than the plotted points. The total pres-
sure in each case is 500 bar (He). Rate constants, determined from the slopes
[Eq. (3)] are: k405 K = (7.06 ± 0.87) × 10−15 cm3 molecule−1 s−1 and
k500 K = (3.56 ± 0.56) × 10−14 cm3 molecule−1 s−1; the uncertainties are
statistical only. The larger intercept giving λb ∼0.09 μs−1 at 500 K is be-
lieved due to an enhanced reaction of Heμ with NH3, added as a dopant to
produce muonic He. See the discussion in Sec. III of the text.
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can cause electron spin exchange (SE) with Mu, leading
to depolarization of the muon spin as a consequence of the
subsequent muon-electron hyperfine interaction52 and hence
an increase in the muon relaxation rate. The Mu + O2 SE
reaction has been well studied4, 52 and it has been established
that the thermally averaged SE cross section is independent
of temperature above 90 K. A similar effect can be expected
for Heμ + O2. Although the target vessel and plumbing were
thoroughly leak checked and always left at positive pressure,
some trace amount of O2 might still have been present in the
system.

The bulk of the gas in the target vessel at all temperatures
and particularly at 405 K and 500 K was the He moderator,
in which the (Heμ)+ ion is initially formed. This was UHP
grade with a stated O2 impurity of <1 ppm and was also “get-
tered” with a commercial filter. Still, at the high He pressures
used, a trace amount of O2 may have been present, along with
similar residual levels in the target and plumbing. Both could
contribute to the background relaxation rate λb in Eq. (3). In
contrast any O2 present in the hydrogen reactant, which was
of higher purity (<0.1 ppm), could be a source of systematic
error and is commented on later.

At the temperatures of interest the relaxation rate from
the Mu + H2 reaction is too slow to be seen,8, 9 so measure-
ments of the relaxation rate of Mu precession were carried
out (with μ+) both before and after each negative muon run
as independent tests of λb. These tended to give a smaller
value for the Mu relaxation after each long μ− run, as com-
pared to its value before, which we attribute to scavenging of
O2 impurity by the dopant NH3, due to the presumed 2 NH3

+ 3/2 O2→N2 + 3 H2O reaction. This is also indicated by
the unusually low values found for λb seen in the intercepts at
295.5 K in Fig. 6 and at 405 K in Fig. 7, which were most
probably then due to field inhomogeneity. Reaction of Heμ
with NH3 may also be contributing here, and most likely dom-
inates at 500 K, where λb is noticeably higher at ∼0.09 μs–1,
in accord with the high activation energy of ∼10 kcal/mol for
the analogous H + NH3 abstraction reaction.53, 54

IV. THEORETICAL METHODS

IV.A. Potential energy surfaces

For very accurate work we must distinguish the BO PES
from the Born–Huang (BH) one.55 The BO PES equals the
electronic energy plus the nuclear repulsion at fixed nuclear
positions and hence is independent of nuclear masses. The
BH PES is obtained by including the Born–Oppenheimer
diagonal correction (BODC), which depends on the nuclear
masses but is small. The BH surface for each isotopic com-
bination is the sum of an isotope-independent BO PES and
an isotope-dependent BODC. All dynamical calculations pre-
sented in this paper itself use the BH PES (calculations on the
BO PES are reported in supplementary material).56

The BO surface is a fit57 to complete configuration in-
teraction (CCI) results to yield a global PES for H + H2.
The CCI results were obtained by carrying out multirefer-
ence configuration interaction (MRCI) calculations that are
within 1 μEh of the full configuration interaction (FCI) limit

and extrapolating them to the complete basis set limit with
a many-body basis set extrapolation scheme,58 yielding an
accuracy that is typically within ∼0.01 kcal/mol of the ex-
act BO potential. The BO saddle point energy on this PES is
9.602 kcal/mol, which compares well with the best estimate59

of 9.608 kcal/mol obtained from many-body basis set extrap-
olations using basis sets as large as octuple zeta in quality
(this estimate also agrees with the best quantum Monte Carlo
estimate60 of 9.608 ± 0.001 kcal/mol).

A key assumption in these calculations is that a Heμ+

particle may be approximated as a heavy H pseudo-nucleus,
with mass 4.115 amu, and thus that Heμ + H2 and 4H + H2

may be treated as having the same PES. The mean radius of
the muon 1s orbital of 0.00373 a0 is more than a factor of 400
smaller than the mean 1s electron radius of 1.50016 a0,61 so it
is reasonable to expect that the muon provides nearly perfect
screening of one unit of nuclear charge for the electron. Fur-
ther support for this assumption may be seen in calculations61

of the Heμ hyperfine coupling constant, ν0(Heμ), where a
pseudonucleus approximation yields 4464.00 ± 0.05 MHz,
an explicit treatment of the muon orbital yields 4464.87
± 0.05 MHz, and the experimental value28 is 4465.004
± 0.029 MHz. These data may be compared with the hyper-
fine coupling constant for the Mu atom of 4463.302 MHz,30

which would be the expected result for Heμ if the muon or-
bital was approximated as a delta function.

An approximate estimate of the possible error due to the
pseudo-nucleus approximation for the Heμ + H2 reaction was
obtained using a pseudopotential (PP) approach. In particular,
a local potential was added to a He atom that describes the
Coulomb interaction between a single electron and the +2
nuclear charge screened by a closely held, negatively charged
muon. A linear combination of five Gaussians as a function
of the electron-nuclear distance r was accurately fit to the
expression (1/r + α/2)e−αr , in Hartree atomic units, where
α = 2 Z mμ = 827.07306 a−1

0 . The usual long-range –1/r
Coulombic term was then added to this sum. The resulting
pseudopotential behaves like –2/r near r = 0 and –1/r at dis-
tances outside the tight orbit of the negative muon. To deter-
mine if Heμ really does behave similarly to a hydrogen atom,
a series of barrier height calculations as a function of basis
set was carried out for both Heμ + H2 (using the PP model
for Heμ) and H + H2 using the same near-FCI quality wave
functions as those used in the original determination of the
CCI surface. The results are shown in Table I, where we begin
with a basis set consisting of the completely uncontracted H-
atom aug-cc-pV5Z set and add to this initial basis additional
even-tempered tight functions up to 11s12p12d11f. These re-
sults show that the BO barrier height on the Heμ + H2 surface
is identical to the H + H2 one to within ∼0.001 kcal/mol. En-
ergetic differences of this magnitude will lead to negligible
differences in the calculated rate constants.

Having confirmed the validity of treating Heμ as an iso-
tope of H, a BODC correction surface62 was added to the
CCI BO surface to yield the BH surface. The fitted diagonal
correction surface leads to an increase in the barrier height
(9.602 kcal/mol on the BO PES) relative to asymptotically
separated H2 of 0.1535, 0.1399, 0.3697, and 0.1328 kcal/mol
for H + H2, D + H2, Mu + H2, and Heμ + H2, respectively;
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TABLE I. Comparison of total energies (Eh) and barrier heights (kcal/mol) of H + H2 and Heμ + H2 as a function of basis set at a near-FCI level of theory.
The Heμ + H2 results used a pseudopotential approach as described in the text.

H + H2 H–H2 �Eb Heμ + H2 Heμ–H2 �Eb �(�Eb)

Uncontr. AV5Za −1.674259 −1.658919 9.6261 −1.674248 −1.658906 9.6273 0.0012
+11s −1.674273 −1.658933 9.6265 −1.674261 −1.658919 9.6274 0.0009
+11s12p −1.674285 −1.658943 9.6274 −1.674273 −1.658929 9.6284 0.0010
+11s12p12d −1.674301 −1.658956 9.6290 −1.674288 −1.658942 9.6300 0.0010
+11s12p12d11f −1.674316 −1.658969 9.6306 −1.674304 −1.658955 9.6315 0.0009

aAn uncontracted aug-cc-pV5Z basis set; basis functions listed on later lines are added to this basis.

electronic structure benchmarks59 for H + H2, D + H2, and
Mu + H2, agree with these values to within 0.0003, 0.0004,
and 0.0026 kcal/mol, respectively. In prior calculations41 for
the rate constants of D + H2 and H + D2, the effect of the
BODC on the thermal rate constants was estimated by a sim-
ple barrier height correction scheme, i.e.,

kBH(T ) ≈ exp(−�barrier/kBT ) kBO(T ), (4)

where �barrier is the difference between the BH and BO barrier
height. This approximate correction scheme led to markedly
improved agreement between theory and experiments. The re-
cent availability of a functional representation62 of the BODC
now obviates the need for such approximate corrections. In
the following, in addition to calculations for Heμ + H2, we
will also present new calculations for Mu + H2 and D + H2

on the BH surface so that isotope ratios can be calculated us-
ing a consistent level of theory.

IV.B. Accurate quantum calculations

The QM calculations employed the outgoing wave
variational principle63–65 to calculate cumulative reaction
probabilities66 (CRPs) for both the BO and the BH surfaces.
The calculations were performed on a grid of total energies
(E) for all significant values of the total angular momentum,
J, parity, P, and homonuclear diatom symmetry, S = (−1)j

where j is the H2 rotational quantum number. Checks of the
numerical uncertainty were performed at selected values of
E, J, P, and S by simultaneously varying a sufficient subset
of basis set parameters and numerical parameters needed to
demonstrate convergence; these tests indicate that the CRPs
are accurate to within a few tenths of a percent, and we ex-
pect that the J-summed CRPs and the thermal rate constant
(which are discussed next) are accurate to better than 0.2%.

The thermal rate constant as a function of the tempera-
ture, T, may be expressed as

k(T ) =
∞∑

J=0

(2J + 1)kJ (T ), (5)

where, for a bimolecular collision A + BC, we have67

kJ (T ) =
∫ ∞

0 dE NJ (E) e−E/kBT

h�rel(T )QA(T )QBC(T )
, (6)

where h is Planck’s constant, QA(T) is the partition function
of A, QBC(T) is the partition function of BC, �rel(T) is the
partition function per unit volume of the relative translation

of A with respect to BC, i.e.,

�rel(T ) = (2πμA–BCkBT )3/2 /h3, (7)

where μA–BC is the A–BC reduced mass, and NJ(E) is the CRP
for total angular momentum J. The NJ(E) include factors of
(2I + 1), where I is the nuclear spin, to account for nuclear
spin statistics

NJ (E) =
+1∑

P=−1

N
(S=+1)
JP (E) + 3

+1∑
P=−1

N
(S=−1)
JP (E), (8)

as does the H2 partition function, where para-H2 has even
symmetry [(S = +1) and (I = 0)] and ortho-H2 has odd sym-
metry [(S = –1) and (I = 1)], and N

(S)
JP indicates the CRP

restricted to specific values of J, P, and S.
It will be convenient to also consider the JP-summed

CRPs

N (S)(E) =
∞∑

J=0

+1∑
P=−1

(2J + 1)N (S)
JP (E), (9)

and the CRPs summed over J, P, and S, i.e.,

N (E) = N (S=+1)(E) + 3N (S=−1)(E). (10)

Equations (5) and (6) may also be written as

k(T ) =
∫ ∞

0 dE N (E) e−E/kBT

h�rel(T )QA(T )QBC(T )
. (11)

The quadrature in Eq. (11) was evaluated by first fitting the
logarithm of N(E) on the calculated energy grid with a spline
function to get data at the quadrature nodes. A small contri-
bution to this quadrature from energies above the maximum
grid value was obtained by fitting the highest energy data to a
polynomial and extrapolating. At the temperatures of experi-
mental interest here and for all tabulated temperatures for the
Mu + H2 and D + H2 reactions, these extrapolated contribu-
tions are negligible, but they are as much as 5.4% at T = 1000
K for the Heμ + H2 reaction.

For the Heμ + H2 reaction on the BH PES, CRPs were
calculated in the energy range of 0.28–1.20 eV (relative to the
classical minimum of Heμ + H2) at an interval of 0.02 eV.
After being summed over J and P, the values for the ortho
(S = −1) and para (S = +1) CRPs for E ≥ 0.48 eV display
a mean unsigned deviation of 0.04% and a maximum devia-
tion of 0.15%; at lower energies the ratio of the ortho to para
CRPs is 1.004 at 0.42 eV, 0.934 at 0.34 eV, 0.385 at 0.30 eV,
and 0.000 at 0.28 eV (where there are no open odd j chan-
nels). Over the range of temperatures (200–1000 K) consid-
ered here, the Boltzmann weighting of Eq. (11) leads to nearly

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



184310-9 Kinetics of the Heμ + H2 reaction J. Chem. Phys. 135, 184310 (2011)

negligible contributions from E < 0.40 eV; thus, the approx-
imation N(S = +1)(E) ≈ N(S = −1)(E), that we have used in past
calculations,41, 67 leads to uncertainties in the rate constants of
less than 0.1%. This near equivalence of the ortho and para
CRPs over a wide energy range is consistent with the reactive
flux being mediated by transition states68–72 that lie near the
saddle point region and that thus have no dependence on the
homonuclear symmetry number.

For the D + H2 reaction, calculations were performed on
the BH PES in the energy range 0.28–1.8 eV at an interval
of 0.02 eV. As noted above, the D + H2 reaction has been
considered previously41 on the BO PES, and rate constants
on the BH surface were estimated with an approximate bar-
rier correction by using Eq. (4). This approximation predicts
rate constants that are systematically slightly lower than those
for the accurate BH PES; the BH rate constants are higher
than the approximate results by 19%, 7.9%, 2.4%, and 1.1%
at 200 K, 300 K, 600 K, and 1000 K, respectively. A more de-
tailed comparison of the approximate results obtained using
Eq. (4) and the results on the BH PES is presented in the sup-
plementary material. For the Mu + H2 reaction, calculations
were performed on the BH PES in the energy range 0.60–2.0
eV at an interval of 0.02 eV. Values of 207.678, 1837.153,
3671.483, and 7502.046 me were used for the masses of Mu,
H, D, and Heμ, respectively.

IV.C. Separable rotation approximations

Separable rotation approximations (SRA) (Refs. 64 and
70–75) have a long history,73, 74 with many variations and are
sometimes called J-shifting approximations.67, 75–80 The high
accuracy of the SRA has been demonstrated previously67 for
the D + H2 reaction, and as part of the present work we found
that for the Heμ + H2 reaction on the BH PES its use yields
agreement within 0.6% of the accurate QM calculations (see
supplementary material). Given this high accuracy we use the
SRA for calculations on the BO surface for the Heμ + H2

and D + H2 reactions in order to affordably calculate KIEs
for kD/kHeμ that can be compared with the analogous values
on the BH PES.

The SRA, when applied to a transition state, assumes that
the energy of overall rotation in the transition state region is
unavailable for barrier crossing so CRPs at one value of J may
be approximated from values at another J by

NJ

(
E + EVTS

J

) ≈ NJ ′
(
E + EVTS

J ′
)
, (12)

where EVTS
J denotes the energy sequestered in overall rota-

tion at the transition state for a given value of J. Within this
approximation, the rate constant may be obtained using data
at a single value of J via

k(T ) = QVTS
rot (T ) exp

(
EVTS

J ′ /kBT
)
kJ ′ (T ), (13)

where

QVTS
rot (T ) =

∞∑
J=0

(2J + 1) exp
(−EVTS

J ′ /kBT
)
. (14)

In the present calculations we approximate EVTS
J differently

at each temperature using

EVTS
J ≈ Beff(T )J (J + 1), (15)

where the effective rotation constant, Beff(T), is chosen so that
the SRA predicts the rate constant kJ′ ′(T) exactly based on the
value of kJ′ (T). This leads to the expression67

Beff(T ) = kBT ln[kJ ′′(T )/kJ ′(T )]

J ′(J ′ + 1) − J ′′(J ′′ + 1)
. (16)

In the high-temperature limit the value of Beff(T) is close to
the value ¯2/2I‡, where I‡ is the moment of inertia at the sad-
dle point. The use of an effective rotation constant has been
shown67 to lead to very high accuracy over a wide range of
temperatures when compared to the summation over all val-
ues of J. In the present calculations we adopt J′ = 6 and J′′

= 9 for use in Eqs. (13)–(16).
In addition to the accurate QM calculations discussed in

Sec. IV.B, thermal rate constants, within the SRA approxima-
tion, were obtained for both the BH and BO PES for the Heμ
+ H2 reaction and the D + H2 reaction. For both reactions we
approximate the CRPs of the ortho and para symmetries as
being equal (for the temperatures considered here, this intro-
duces negligible additional inaccuracy in the computed rate
constants).

IV.D. Variational transition state theory

Because accurate QM calculations are only affordable for
small systems it is useful to benchmark approximate methods
that scale better with the system size, specifically variational
transition state theory.81 The VTST calculations presented
here employed methods described in detail in Refs. 7, 82–89
and were carried out by using ABCRATE,87 a computer pro-
gram for the calculation of atom-diatom reaction rates for
systems, such as the H + H2 reaction, that have collinear-
dominated reaction paths. Calculations were performed on
the BH PES. Specifics of the theory and implementation of
VTST can be found in the references given above. Here we
only present sufficient details to allow the calculations to be
reproduced.

We used improved canonical variational theory (ICVT)
(Ref. 83) with multidimensional tunneling contributions.
Partition functions for the vibrational and rotational modes
were approximated as being separable. Rotational partition
functions were computed using the quantized rigid rotor
approximation. The one bound stretching vibrational mode
(the other stretch mode is unbound along the reaction
coordinate) was treated as uncoupled from the bending
modes in curvilinear coordinates. The ground-state energy
level was computed using the WKB approximation,7 while
excited-state energies were computed using the Morse I
(Ref. 90) approximation. Curvilinear coordinates were also
used to describe the bending motions, and the two bending
modes were treated as coupled using the centrifugal oscillator
approach,86, 91 where the potential for the bending motion was
approximated by a harmonic-quartic potential, for which the
parameters were fitted to reproduce the WKB ground-state
energy level for the one-dimensional bend vibration. The
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effect of multidimensional quantum mechanical tunneling
and nonclassical reflection was computed using the least-
action tunneling (LAT) method, which was called the least-
action ground-state (LAG) method in the original paper.84

Variational transition state theory provides a convenient
approach to analyze the factors controlling KIEs and gain
more insight into the features of the PES that most influence
the rate constants.92, 93 The KIE, which is the ratio of rate con-
stants for the different isotopic masses, can be expressed as a
product of factors in the rate expressions for the two isotopi-
cally different reactions.92, 93 In VTST we can write the KIE
as the product of the following factors:

� ηtrans—the ratio of the reactant partition functions for
relative translational motion;

� ηrot, ηstr, and ηbend—the ratio of rotational, stretch,
and bend partition functions (note that since we use
ICVT, the partition functions of the variational transi-
tion states are the improved ones);

� ηtun—the ratio of the transmission coefficients that ac-
count for tunneling and nonclassical reflection;

� ηpot—the contribution to the KIE from the difference
in potential energy at the variational transition state,
the location of which depends on the isotopic masses.

By convention, KIEs are reported with the rate constant
for the lighter mass combination in the numerator, which is
expected to give a KIE that is greater than 1 for normal cases.
A KIE of less than unity is referred to as “inverse.”

IV.E. Fitting the temperature dependence of the rate
constants

The theoretical rate constants, both the accurate quantal
ones and the VTST ones, may be calculated at as many tem-
peratures as desired with negligible expense (in the case of
the QM results, calculation of the CRPs involves significant
cost, but given these data the cost of the Boltzmann weighting
to get k(T) at a large number of temperatures is insignificant);
thus, we do not need to rely on fits for these quantities. How-
ever, the various experimental data sets all display significant
statistical uncertainties in addition to possible systematic er-
rors. Numerical fits of such data sets can greatly reduce the
statistical uncertainties and allow for more meaningful com-
parisons to theory. Whenever sufficient experimental data are
available, fits of rate constant data in Secs. V and VI will be
obtained with a functional form recommended previously94

and given by

k(T ) = C1T
C2 exp

(
− C3(T + C4)

kB(T 2 + C2
4 )

)
, (17)

where C1, C2, C3, and C4 are fitting parameters chosen to min-
imize the root-mean-square error when ln k is fitted as a func-
tion of 1/T. The experimental Arrhenius activation energy, Ea,
which is defined as

Ea(T ) = −kB
dlnk

d(1/T )
, (18)

may then be calculated from this expression as

Ea(T ) = C2kBT + C3
T 4 + 2C4T

3 − C2
4T

2

(T 2 + C2
4 )2

. (19)

FIG. 8. Comparison of experimental and theoretical thermal rate constants,
kHeμ(T), for the Heμ + H2 reaction as a function of temperature. The ex-
perimental error bars shown are statistical only, determined from the fits to
the relaxation rates shown in Figs. 6 and 7. The temperature uncertainties are
±1.5 K at 295.5 and 500 K and ±1.0 K at 405 K and are too small to plot.
See the discussion in Sec. III of the text.

The activation energies reported for theoretical methods are
obtained by accurate finite difference of closely spaced rate
constants. We note that all fits using Eq. (17) were of excellent
quality and that the quoted results do not deviate significantly
from those obtained from alternative fits where ln k is fitted as
a low-order polynomial in 1/T.

V. COMPARISON OF EXPERIMENTAL AND
THEORETICAL RESULTS FOR THE Heμ + H2 RATE
CONSTANTS

The experimental rate constants, kHeμ, as reported in
Sec III.B, are plotted vs. inverse temperature, along with the
results from theory, in the Arrhenius plot of Fig. 8. The visible
error bars are predominately statistical, determined from the
fits illustrated in Figs. 6 and 7. Uncertainties for the measured
temperatures, given earlier, are at most 1.5 K and barely ex-
ceed the size of the plotted points. (These temperature errors
are much less than those in the 1987 report of the Mu + H2

reaction rate.9 In that study, the high temperatures demanded
by the slow reaction rates, up to 900 K, dictated a target of
very different design.)

The Arrhenius plot of Fig. 8 comparing the experimental
rate constants kHeμ with theory for the Heμ + H2 reaction is
the central result of the present study. The accurate quantum
mechanical calculations are essentially in perfect agreement
with the experimental data at 500 K, where they are well
within experimental error. Good agreement with experiment
is also found at 405 K, where the QM calculations are within
15% of experiment, falling just below the 1σ (statistical)
error bar shown. However, at 295.5 K the QM result of
2.71 × 10−16 cm3 molecule−1 s−1 is 30% below experiment
(Table II), a surprisingly large disagreement given that
the level of agreement between theory and several
experiments37–40, 95–97 for both H + D2 and D + H2 is
within ∼10% over much wider temperature ranges,41 and
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TABLE II. Comparisons between theory and experiment for kHeμ(cm3

molecule−1 s−1).

T(K) kexp
a kQM

b kVTST
c κd

200 . . . 2.15 × 10−18 2.09 × 10−18 35.1
250 . . . 3.83 × 10−17 3.27 × 10−17 8.5
295.5 (3.85 ± 0.55) × 10−16 2.71 × 10−16 2.16 × 10−16 4.3
300 . . . 3.21 × 10−16 2.54 × 10−16 4.1
350 . . . 1.59 × 10−15 1.23 × 10−15 2.7
400 . . . 5.51 × 10−15 4.24 × 10−15 2.1
405 (7.06 ± 1.12) × 10−15 6.14 × 10−15 4.73 × 10−15 2.1
450 . . . 1.48 × 10−14 1.15 × 10−14 1.8
500 (3.56 ± 0.66) × 10−14 3.34 × 10−14 2.62 × 10−14 1.6
550 . . . 6.58 × 10−14 5.24 × 10−14 1.5
600 . . . 1.17 × 10−13 9.44 × 10−14 1.4
650 . . . 1.92 × 10−13 1.57 × 10−13 1.3
700 . . . 2.96 × 10−13 2.45 × 10−13 1.3
800 . . . 6.10 × 10−13 5.17 × 10−13 1.2
900 . . . 1.09 × 10−12 9.46 × 10−13 1.2
1000 1.77 × 10−12 1.56 × 10−12 1.1

aThe errors on the experimental rate constants expanded to include systematic error that
has been estimated at 10%. See discussion in the text.
bThe accurate quantum theory calculations of rate constants kHeμ for Heμ + H2.
cAs in footnote b but for VTST ICVT/LAT calculations.
dThe tunneling factor is defined as the ratio of the ICVT/LAT calculated rate constant
with the LAT tunneling path to the ICVT rate constant alone, in the absence of tunneling.

that quantum theory also yields excellent agreement with the
earlier Mu + H2 rate constant measurements as discussed
below. The ICVT/LAT calculations for Heμ + H2 are in good
agreement with the accurate QM data, although as much as
23% lower over the temperature range plotted.

If the experimental Heμ + H2 rate constants are fit to
a simple Arrhenius form [there is insufficient data to use
Eq. (17)] the Arrhenius activation energy is found to be
6.45±0.32 kcal/mol; this can be compared to accurate QM
values of 6.51, 7.03, and 7.33 kcal/mol at 295.5, 405, and 500
K, respectively. (If the QM results were fit to a simple Arrhe-
nius expression over the 295.5–500 K temperature range then
the estimated Ea would be 6.9 kcal/mol).

The Heμ + H2 rate constants are also compared for the
three temperatures of the experiment, with the experimental
uncertainties expanded to include potential systematic errors
(discussed below) as well as over a wider range of temper-
atures in Table II. Also shown in this table are transmission
coefficients (κ) at each temperature from the ICVT/LAT cal-
culations. We note that even for this heaviest of H-atoms there
is still an appreciable tunneling effect for the Heμ + H2 re-
action at the lower temperatures, which can be inferred also
from the extent of Arrhenius curvature in Fig. 8. This feature
is discussed further in comparison with KIEs for the D + H2

and Mu + H2 reactions below.

VI. DISCUSSION: COMPARISONS OF EXPERIMENT
TO THEORY

VI.A. Theory vs. experiment for the Heμ + H2 reaction
rate

The level of disagreement between theory and experi-
ment noted above for the Heμ + H2 reaction at 295.5 K

(Fig. 8 and Table II) leads us to explore possible reasons, in-
cluding systematic experimental error, for this discrepancy.
The data are generally difficult to fit, due to small-amplitude
signals, as discussed earlier. Sixteen parameters are varied in
fitting the data to Eq. (2), and there are correlations between
some of these, which might well be enhanced in the case of
fitting to small-amplitude signals. In particular, at 295.5 K the
signal amplitudes are reduced further by competitive μ− cap-
ture on H2 at the relatively high concentrations required, as
can be seen in Fig. 4. However, even though these signal am-
plitudes are weak, the fits at all temperatures were surpris-
ingly robust to changing initial guesses over wide margins and
also to small changes in the Heμ lifetime, which is not as well
known as for other muonic atoms.50 The effects of these kinds
of changes were small, with the fitted results generally being
within 10% of the statistical errors given above (and plotted
in Fig. 8).

Moreover, at 295.5 K there are nine data points in total
(Fig. 6) from two different moderator pressures obtained in
separate run periods a year apart, and, as previously remarked,
with rate constants that agree within statistical errors, so it
is unlikely that there is a singular source of systematic error
here. Although there is a hint of a moderator pressure depen-
dence from the separate fits shown in Fig. 6, with the 300 bar
value of kHeμ = (3.74 ± 0.50) × 10−16 cm3 molecule−1 s−1

(green fitted line) being in slightly better agreement with the-
ory, this is not viewed as significant. The result given in Sec.
III.B from fitting the complete data set, k295.5 = (3.85 ± 0.40)
× 10−16 cm3 molecule−1 s−1, has a weighted statistical error
of only ±10%, much less than the ∼30% lower value for kHeμ

calculated by the quantum theory at this temperature. Further-
more, although it is true that the signal amplitudes are weaker
at 295.5 K, they are not all that much stronger at higher tem-
peratures where the agreement between theory and experi-
ment is essentially within errors, supporting a claim that the
fitting procedure is sound.

In addition to parameter variations commented on above,
another method to try to assess the level of systematic error in
the experiment is to examine the reproducibility of the fitted
results from different run periods and from different methods
of analysis. These kinds of variations gave consistent results
to within 10% on average, though there were larger excursions
for some specific changes.

A further possible source of error here is spin exchange
between the muonic He atom and O2 impurity present in
the hydrogen reactant, which could be a source of system-
atic error, increasing the muon relaxation rate λHeμ due to
the depolarization of the muon spin arising from an elec-
tron “spin flip” in Heμ.4, 52 Though the H2 gas was of high
purity, with a stated O2 content of <0.1 ppm, any effect
due to SE would have the biggest impact at 295.5 K, where
the H2 densities were highest. Mu spin precession exper-
iments both in the presence of and in the absence of H2

showed that relaxation rates decreased markedly over time,
to a common value of ∼0.05 μs−1, due to the scavenging of
O2 by the NH3 + O2 reaction mentioned earlier. This cor-
responds to the λb intercepts of Figs. 6 and 7. There are in-
dications that the decline was greatest for the highest con-
centrations of H2, but still the total decrease for Mu in each
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TABLE III. Rate constants (cm3 molecule−1 s−1) and KIEs for the Heμ + H2, D + H2, and Mu + H2 reactions.

T(K) kHeμ, QM
a kHeμ, LAT

b kD, QM
c kD, LAT

d kMu, QM
e kMu, LAT

f kD, QM/kHeμ, QM kMu, QM/kHeμ, QM

200 2.15 × 10−18 2.09 × 10−18 2.20 × 10−18 2.82 × 10−18 7.00 × 10−24 1.73 × 10−24 1.022 3.25 × 10−6

250 3.83 × 10−17 3.27 × 10−17 3.79 × 10−17 4.11 × 10−17 1.34 × 10−21 3.95 × 10−22 0.989 3.49 × 10−5

300 3.21 × 10−16 2.54 × 10−16 3.19 × 10−16 3.06 × 10−16 6.44 × 10−20 2.30 × 10−20 0.994 2.01 × 10−4

350 1.59 × 10−15 1.23 × 10−15 1.60 × 10−15 1.43 × 10−15 1.23 × 10−18 5.17 × 10−19 1.008 7.74 × 10−4

400 5.51 × 10−15 4.24 × 10−15 5.63 × 10−15 4.84 × 10−15 1.23 × 10−17 5.84 × 10−18 1.021 2.24 × 10−3

450 1.49 × 10−14 1.15 × 10−14 1.53 × 10−14 1.30 × 10−14 7.75 × 10−17 4.02 × 10−17 1.033 5.22 × 10−3

500 3.34 × 10−14 2.62 × 10−14 3.49 × 10−14 2.94 × 10−14 3.47 × 10−16 1.93 × 10−16 1.043 1.04 × 10−2

550 6.58 × 10−14 5.24 × 10−14 6.92 × 10−14 5.84 × 10−14 1.20 × 10−15 7.08 × 10−16 1.051 1.82 × 10−2

600 1.17 × 10−13 9.44 × 10−14 1.24 × 10−13 1.05 × 10−13 3.42 × 10−15 2.11 × 10−15 1.058 2.92 × 10−2

650 1.92 × 10−13 1.57 × 10−13 2.04 × 10−13 1.75 × 10−13 8.38 × 10−15 5.37 × 10−15 1.063 4.36 × 10−2

700 2.96 × 10−13 2.45 × 10−13 3.16 × 10−13 2.73 × 10−13 1.82 × 10−14 1.20 × 10−14 1.067 6.13 × 10−2

800 6.10 × 10−13 5.17 × 10−13 6.56 × 10−13 5.76 × 10−13 6.48 × 10−14 4.51 × 10−14 1.074 1.06 × 10−1

900 1.09 × 10−12 9.46 × 10−13 1.18 × 10−12 1.06 × 10−12 1.77 × 10−13 1.28 × 10−13 1.079 1.62 × 10−1

1000 1.77 × 10−12 1.56 × 10−12 1.92 × 10−12 1.75 × 10−12 3.99 × 10−13 2.98 × 10−13 1.083 2.25 × 10−1

aEntries from Table II for the accurate QM rate constants for Heμ + H2, kHeμ, QM(T).
bEntries from Table II for the ICVT/LAT rate constants of VTST for Heμ + H2, kHeμ, LAT(T).
cAccurate QM rate constants for D + H2, kD, QM(T).
dICVT/LAT rate constants of VTST for D + H2, kD, LAT(T).
eAccurate QM rate constants for Mu + H2, kMu, QM(T).
fICVT/LAT calculations of VTST on the BH surface for the Mu + H2 rate constants, kMu, LAT(T).

case was well below the measured rates for Heμ and well
below 30% of the rate. We are persuaded then that SE be-
tween Heμ and O2 impurity in the hydrogen reactant cannot
account for the disagreement seen between theory and exper-
iment at 295.5 K, although it might contribute to some extent.

Another possibility, although remote, is that strongly in-
teracting, but ultimately inelastic, collisions with H2 lead to
additional muon depolarization. This is a significant mecha-
nism for muon (μ+) depolarization in systems that display a
collision complex such as in the Mu + CO addition reaction,
which forms a bound [MuCO · ]* intermediate.21 While such
effects are likely to be small for systems that do not form sta-
ble complexes, they would likely be more important at lower
temperatures, thus perhaps explaining at least part of the dis-
crepancy between theory and experiment at 295.5 K.

Overall, we conclude that the best assessment of error in
these experiments is found from the aforementioned determi-
nations of the differences seen in fitted relaxation rates from
parameter variations, different run periods or fitting methods,
giving rise to an additional contribution to experimental error
of ∼10%. Combining this with the statistical error, the revised
rate constants would be kHeμ = (3.85 ± 0.55) × 10−16 at
295.5 K, (7.06 ± 1.12) × 10−15 at 405 K, and (3.56 ± 0.66)
× 10−14 at 500 K, all in units of cm3 molecule−1 s−1. It is
these values that are entered in Table II. Given these some-
what expanded uncertainties, the experimental and QM rate
constants, kHeμ, now overlap very well at the two highest tem-
peratures of 405 and 500 K, with the rate constant at 500 K
in complete agreement with the accurate QM results, as noted
already in our short communication.32 At the same time there
appears to remain an appreciable level of disagreement be-
tween the accurate QM results and experiment at 295.5 K,
with the lower limit of the data still 22% above theory. Possi-
ble sources of significant uncertainty in the QM calculations
are essentially limited to the PES. The assumption that Heμ+

may be treated as a pseudonucleus is well justified by the

pseudopotential tests presented earlier, and the residual un-
certainties in the BO PES of ∼0.01 kcal/mol are not expected
to lead to appreciable deviations in the rate constants at the
temperatures considered in the experiments. Furthermore, the
accurate QM KIEs for kD/kHeμ shown in Table III are essen-
tially identical for the BO and BH surfaces (see supplemen-
tary material for the BO data) which suggests that errors in
the diagonal correction surface cannot be responsible for the
remaining discrepancies between theory and experiment.

VI.B. Tests of variational transition state theory

The ICVT/LAT calculations for kHeμ on the BH surface
are consistently below both theory and experiment at all tem-
peratures (Table II, Fig. 8), although they are in reasonable
agreement overall. The largest errors are 23% underestimates
of the accurate QM results over the entire temperature range
studied (a factor of five in T). This can be compared with the
results for D + H2 where VTST overestimates the QM rate by
29% at 200 K and has a maximum underestimate of 16% at
500 K. The largest uncertainties in the calculations arise from
the approximate treatment of quantum mechanical tunneling
and these uncertainties increase with decreasing T. The trans-
mission coefficient, κ , which is the ratio of the ICVT/LAT
rate constant to the ICVT rate constant that neglects tunnel-
ing and nonclassical reflection, is listed in the last column of
Table II. It is largest at the lowest temperatures, increasing
the rate constant for the Heμ + H2 reaction by a factor of 35
at 200 K. There is no variational bound for the transmission
coefficient, and it can be underestimated or overestimated.

VI.C. Isotopic comparisons: rate constants and KIEs
for Heμ + H2, D + H2, and Mu + H2

The present experimental results for the reaction rate
constants of the heaviest H-atom isotope with hydrogen, the
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Heμ + H2 reaction, can now be compared with those for
the lightest H-atom isotope, muonium, for the Mu + H2

reaction;9 these reactions differ by a factor of 36.1 in iso-
topic mass, and the results can also be compared with those
for the D + H2 reaction. The rate constants for all three re-
actions, Heμ + H2, D + H2, and Mu + H2, are given over a
wide range of temperatures in Table III for both the accurate
QM and ICVT/LAT VTST calculations along with the QM-
calculated KIEs for kD/kHeμ and kMu/kHeμ given in the last two
columns. Extensive tables are also provided in supplementary
material comparing the QM calculations on the BO and BH
PESs for the Heμ + H2 and D + H2 reactions.

There have been several earlier accurate QM
studies41, 67, 98 of the D + H2 reaction on various
BO PESs;57, 99–101 analysis of these results is already
available,41, 67 and here we restrict attention to the results
on the BH PES. There are five sets of experimental data
available for the D + H2 reaction.37–40, 42 The earliest three
experiments all used similar techniques and we will compare
the new QM rate constants to the aggregate of these three data
sets, which consists of 51 measurements in the temperature
range 178–745 K (we omit one measurement at 167 K
that the authors39 indicate did not meet all their criteria for
reliability and which shows a very large discrepancy with
both theory and a fit to the other measurements). The QM
results have a mean unsigned percentage deviation (MUPD),
i.e., 〈100|(kexp − kQM)/kexp|〉, with the fitted data [using
Eq. (17)] at the 51 temperature values of 6.0% and an MUPD
with the raw data of 13.5%. The fourth experiment consists of
shock tube measurements at 152 temperatures in the range T
= 655–1979 K by Michael and Fisher.40 The QM results have
an MUPD with the fitted data of 22% and an MUPD with
the raw data of 24%, with the experimental values typically
being larger than the QM data. The 5th experiment consists
of shock tube measurements at 50 temperatures in the range
T = 1166–2112 K by Michael, Su, and Sutherland.42 The
QM results have an MUPD with the fitted data of only 1.5%
and a MUPD with the raw data of 8.4%.

A single set of experimental data is available for the
Mu + H2 reaction consisting of 15 measurements in the range
T = 473–843 K.9 The QM rate constants have an MUPD with
the fitted data at these points of 7.6% and an MUPD with the
raw data of 9.8%. Two earlier QM studies102–104 have been
reported for the Mu + H2 reaction; both employed the LSTH
(Refs. 99,105, and 106) BO PES, and both reported fair agree-
ment with experiment. We have performed new accurate QM
calculations on the LSTH BO PES, using the same proce-
dures discussed earlier for the Mu + H2 calculations on the
BH PES, so that we can compare to these studies. The results
of Schatz102 employed a coupled states (CS) approximation
and were estimated to have an uncertainty of ∼30%. The CS
data were tabulated at 15 temperatures in the range T = 200–
1000 K and have an MUPD with the new accurate QM results
of 18%, being too large by as much as 24% at 300 K and too
small by as much as 34% at 1000 K (except for the T = 1000
K value all rate constants were accurate to within the stated
30% uncertainty). The later calculations of Tsuda et al.103, 104

were labeled as accurate QM results, but they fall short of
this mark with the one tabulated value (their remaining data

FIG. 9. Arrhenius plots of thermal rate constants for the Heμ + H2 and
Mu + H2 reactions including accurate QM (solid red lines), ICVT/LAT
(dashed black lines), the experimental data from Reid et al. for Mu + H2,9

and the new measurements for Heμ + H2.

are only displayed graphically) at 745 K being 69% too high
when compared to our converged results. A more complete
comparison of the various LSTH rate constants is provided in
supplementary material.

Very recently, Jambrina et al.107 presented calculations
for Mu + H2 (and Heμ + H2) using the BKMP2 (Ref. 101)
BO PES together with an approximate adiabatic correction
to the rate constant using Eq. (4) and a value of the barrier
correction that was obtained using a value of the BODC at
the saddle point. We note that when using this equation, one
ideally should use a value of the barrier correction at the vari-
ational transition state; for Mu + H2 the transition state is
shifted strongly towards the products (RMuH = 1.51 a0, RHH

= 2.17 a0) and the barrier correction at this location is 0.18
kcal/mol, which is significantly lower than the value of 0.37
kcal/mol used by Jambrina et al.107 Their rate constants were
only presented graphically, so precise comparisons to experi-
ment or to our QM results are not possible.

Figure 9 compares the experimental measurements9 for
Mu + H2 to accurate QM and ICVT/LAT results, with the
Heμ + H2 results plotted again for comparison. The marked
difference in both magnitudes and slopes in comparing the
Heμ + H2 and Mu + H2 results is noteworthy. Figure 10
compares experimental measurements for D + H2 with the
accurate QM and ICVT/LAT calculations on the BH PES. A
similar comparison was made previously41 for the BO PES
together with the approximate barrier correction of Eq. (4) to
account for the effect of the BODC, but the present results are
expected to be more accurate.

Although the agreement between the QM calculations
and the experimental measurements displayed in Figs. 8–10
seems quite impressive, the large ranges covered in these Ar-
rhenius plots makes precise comparisons difficult. A more
sensitive way to compare the data is to consider kinetic iso-
tope effects. These are shown for kD/kHeμ in Fig. 11(a) and
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FIG. 10. Arrhenius plots of the QM thermal rate constants of the D + H2
reaction on the BH surface compared with the ICVT/LAT calculations and
with various experimental results.37–40

for kMu/kHeμ in Fig. 11(b). The plotted experimental KIEs
used rate constants taken from the fits to the experimental data
discussed above for kD and kMu and individual measurements
(taken from Table II) for kHeμ. The uncertainty estimates are
taken to be 10% for the fitted values. Although, individual kD

and kMu rate constant measurements have uncertainties that
are in many cases significantly larger than this value, the fit-
ting process is expected to reduce the statistical experimental
uncertainties and the 10% value is an estimated upper bound;
with this assumed value the uncertainties in the experimental
KIEs are predominately due to the uncertainties in the indi-
vidual kHeμ measurements.

As can be seen in Fig. 11(a), the accurate quantum
kD/kHeμ KIEs are close to unity at all temperatures. The un-
certainty propagation for the experimental data leads to large
error bars, and the experimental KIE at 500 K is in agreement
with theory after accounting for these. The level of agreement
for the 405 and 295.5 K points is poorer, although the trend
to decreasing values with increasing temperature is present
in both experiment and accurate quantum theory. VTST is
encouragingly accurate for the rate constants (Table III and
Fig. 8), being within ∼30% of the QM calculations. This is
a major success for variational transition state theory because
the quantized vibrational energy of the forming MuH bond
is very large,10, 11, 108 and the ability of VTST with quantized
partition functions to account for this rate constant is proba-
bly the most dramatic confirmation of the validity of the tran-
sition state procedure, dating back to Wigner and Eyring, of
quantizing the partition functions of bound modes to turn the
classically formulated theory into one capable of predicting
rate constants for real molecules in a quantized world.

At a finer level of detail though, VTST does not re-
produce the features in the KIEs in Fig. 11(a), and it ex-
hibits the wrong trend with temperature down to about 250
K; this occurs because VTST is higher than accurate QM
for kD but lower than accurate QM for kHeμ. The calculated
QM Arrhenius activation energies for the two reactions are
very similar with E

Heμ
a having values of 6.51, 7.03, 7.33, and

8.80 kcal/mol at 295.5, 405, 500, and 1000 K, respectively,
whereas ED

a has values of 6.55, 7.11, 7.42, and 8.87 kcal/mol

FIG. 11. Kinetic isotope effects. The experimental KIEs are obtained using
fitted values for kD and kMu with uncertainties estimated at 10% and using
individual measurements for kHeμ; (a) kD/kHeμ and (b) kMu/kHeμ. See Sec.
IV.E in the text. The large error bars are the result of propagating indepen-
dent errors in the ratio of rate constants. The experimental point at 405 K in
(b) required extrapolation of kMu and this leads to additional uncertainty not
reflected in the plotted error bar.

at 295.5, 405, 500, and 1000 K, respectively. The deviations
between the activation energies and the BH saddle point en-
ergy of ∼9.7 kcal/mol is mainly due to tunneling effects, es-
pecially at lower temperatures, and to zero point energy con-
tributions.

The KIE comparisons between the QM results and ex-
periment for kMu/kHeμ in Fig. 11(b) show better agreement
than those for kD/kHeμ, and even the VTST results capture
the correct qualitative trends. In part this is because of the
large mass difference between Mu and Heμ that leads to a
large change in the barrier location and the topography for
the Mu–H2 vibrationally adiabatic potential relative to that
for other isotopes,10, 11, 108 which results in a dramatic inverse
KIE, whereas the much smaller mass difference between D
and Heμ results in only a very subtle effect.

Although the mass of Heμ is twice that of D, the quan-
tum mechanical rate constants for these two reactions dif-
fer by less than 10% over the entire temperature range stud-
ied. Even though the VTST results for the kD/kHeμ KIEs dif-
fer quantitatively from the QM ones, they show this same
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general feature of a KIE close to unity over the T = 295.5–
500 K temperature range. Further insight into this feature in
the KIEs can be understood by factoring the VTST results as
described in Sec. IV.D.

The translational factor ηtrans equals the ratio of the re-
duced masses from the translational partition functions raised
to the 3/2 power, i.e., a factor of 1.556. The potential factor
ηpot is different from unity if the variational transition states
for the two reactions are not the same. Both reactions have the
variational transition states shifted towards reactant, by about
0.15 and 0.12 a0 for Heμ and D, respectively, and the small
difference in the potential along the MEPs at these locations
gives rise to a value for ηpot that increases from 0.78 to 0.86
for T = 295.5–500 K. (A factor less than one indicates that
the potential for D is larger than that for Heμ.) The shift of
the variational transition states towards reactants makes the
stretch vibrations more reactant-like, leading to a value of the
stretch vibration factor, ηstr, that differs from unity by less
than 1% for the same temperature range. The bend vibration
has a lower frequency for the heavier isotope and a higher
value for the bend partition function, leading to a value of
ηbend that is also less than unity, increasing from 0.90 to 0.93
for T = 295.5–500 K. The rotational factor is due to the differ-
ent moments of inertia at the variational transition states that
leads to less energy being sequestered in overall rotation for
Heμ + H2 as compared to D + H2. If we approximate the B
constants using the moments of inertia at the collinear saddle
point we get values of 5.49 and 7.04 cm−1 for Heμ + H2 and
D + H2, respectively. The ratio of the values obtained with
these B constant estimates is nearly constant for the experi-
mental temperature range giving ηrot of 0.77. The final factor
is from tunneling and nonclassical reflection; in the LAT ap-
proximation, this gives values that decrease from 1.43 to 1.16
over the T = 295.5–500 K temperature range. The only three
factors that show any appreciable temperature dependence are
the potential, bend vibrational, and tunneling/nonclassical re-
flection factors: ηpot, ηbend, and ηtun. The potential and bend
vibrational factors increase with temperature, while the tun-
neling/nonclassical reflection factor decreases with tempera-
ture and they offset each other to give a product that varies
only slightly, from 1.00 to 0.94 for T = 295.5–500 K. Includ-
ing the other 3 nearly constant factors (ηtran, ηstr, and ηrot)
gives KIEs that decrease from 1.22 to 1.13. Over this same
temperature range the QM KIEs vary from 0.99 to 1.04 (Ta-
ble III).

The errors observed in the VTST calculations when com-
pared to accurate QM calculations are likely to be predomi-
nantly due to a combination of approximations in the treat-
ment of the tunneling and to uncertainties in the calculation
of the threshold energies and effective potentials for tunneling
due to the separable mode approximations as well as more-
subtle dynamical effects that are discernable in the QM CRPs.
The results can also be analyzed in terms of contributions
from individual levels of the transition states as explained in
detail in Refs. 68–72.

At the experimental temperatures, the Heμ + H2 rate
constants are most sensitive to the 0.5–0.8 eV total energy
range that corresponds to flux that is gated by the first quan-
tized transition state level, i.e., the [000] state, where the no-

FIG. 12. (a) Cumulative reaction probabilities (CRPs) for 3 isotopes of H
reacting with para H2 for the case of J = 0 (the results for ortho H2 are very
similar). (b) Density of states (the energy derivative of the CRPs) correspond-
ing to the results of panel (a).

tation [ν1,ν2
K] specifies quantum numbers for the symmetric

stretch (ν1), bend (ν2), and the vibrational angular momen-
tum (K) (see Fig. 12). Thus, the temperature dependence of
the kD/kHeμ KIEs is largely due to the very small deviations
in the threshold region. The Heμ + H2 CRP for total angular
momentum J = 0 [Fig. 12(a)] is systematically slightly higher
than that for D + H2 (and higher again than for H + H2) show-
ing a clear systematic mass dependence, but the ratio of the
two differs most significantly in a small energy region near
the threshold for the first transition state. The rate constants
in the temperature range near T = 200–500 K are most sensi-
tive to CRPs in this energy range, hence a relative minimum
in the KIE is observed in that T range, as seen in Fig. 11(a).
Figure 13 illustrates this effect further by plotting the Boltz-
mann weighting of the J-summed CRPs at the temperatures
of the three experimental measurements of the Heμ + H2 re-
action to indicate the range of energies to which these rate
constants are sensitive. As seen in the structure of the den-
sity of states, i.e., the energy derivative of the CRP, which
is displayed in Fig. 12(b), the changes in the initial, [000],
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FIG. 13. Boltzmann weighted CRPs (summed over all J) for the Heμ + H2
reaction renormalized so that their maximum value on the data grid is 1.
These results indicate the energy ranges that contribute to the rate constants
at the temperatures of the 3 measurements.

threshold energy and the subsequent spacing between transi-
tion state energies diminish when Heμ is substituted for D as
compared to when D is substituted for H.

The kinetic isotope effects for kMu/kHeμ shown in
Fig. 11(b) demonstrate excellent agreement between the ex-
perimental values and the accurate QM results. However, the
experimental value at 405 K employs extrapolation to esti-
mate the kMu rate constant and this introduces additional un-
certainty. The ICVT/LAT results show the same trend with
temperature as the accurate QM results, but the calculated
KIE is 30% lower at 500 K and 74% lower at 200 K. Jam-
brina et al.107 have recently reported a kMu/kHeμ KIE at 500 K
of 0.0091 for QM calculations on the BKMP2 PES together
with an approximate adiabatic correction. This is about 13%
lower than the KIE we reported for the BH PES. As we men-
tioned earlier in this section, estimating the adiabatic correc-
tion for the Mu + H2 rate constant at the variational transition
state instead of at the classical barrier location (as Jambrina
et al.107 chose to do) would be expected to lead to better re-
sults. In particular, at 500 K using an adiabatic correction es-
timated at the transition state would have led to a value of kMu

that is ∼21% higher than what they reported, or a kMu/kHeμ

KIE of about 0.011, which is about 6% higher than the value
obtained on the accurate BH PES.

In marked contrast to the kD/kHeμ KIEs, there is a large
variation with temperature in the kMu/kHeμ KIEs, which is
reflected in the large differences in activation energies found:
EMu,QM

a has values of 11.9, 13.0, 13.5, and 14.6 kcal/mol at
295.5, 405, 500, and 1000 K, respectively, whereas E

Heμ,QM
a

has values of 6.51, 7.03, 7.33, and 8.80 kcal/mol at these
same temperatures. The much larger activation energy for
the Mu + H2 reaction is a consequence of the large ZPE
shifts. Using the KIE analysis described above, the dominant
contribution to the inverse isotope effect comes from the
stretch vibration factor ηstr, which varies from about 3
× 10−8 at 200 K to about 0.04 at 1000 K. This is primarily
due to the huge change in ZPE associated with the factor of
36.1 change in isotopic mass from Heμ to Mu, which not
only impacts the barrier height but also shifts the position of

the variational TS well into the product valley.7, 10 This also
has an important effect on the values for ηpot in the kMu/kHeμ

KIE, which vary from 9.4 at 295.5 K to 3.7 at 500 K, in
marked contrast to the range noted earlier for kD/kHeμ of 0.78
to 0.86. The large change in the zero point vibrational energy
associated with the formation of MuH was originally noted in
early studies9–11, 108 of the Mu + H2 and Mu + D2 reactions.

VII. CONCLUDING REMARKS AND FUTURE STUDIES

The H + H2 reaction has a long history as a prototype
reaction in chemical kinetics, with early work33 treating the
H, D, and T isotopes. Later work added kinetic isotope ef-
fects for Mu.9, 108 Here we present the first detailed report,
complementing recent communications,31, 32 of a reaction rate
for the muonic helium atom, Heμ, with H2. The present pa-
per not only adds to the literature of the H + H2 reaction, it
also establishes the basis for the determination of rate con-
stants for this heaviest H-atom by the μSR technique, and it
allows comparison with the results of reaction rate theory on
the accurate Born–Huang CCI potential energy surface. Al-
though the experimental signal amplitudes are small, the mea-
surements were successful, and the agreement with accurate
quantum calculations is good to excellent at the two higher
temperatures of the experiment, 405 and 500 K. At the lowest
temperature of 295.5 K the level of agreement between quan-
tum theory and experiment is less satisfactory, with the lower
limit of the experiment, which also includes an estimated sys-
tematic error of 10%, being 22% higher than the QM result.
However, further systematic error at 295.5 K, which was the
most difficult point to obtain experimentally, cannot be ruled
out.

Additional comparisons presented herein between accu-
rate QM results on the BH surface and experiment for the rate
constants of both the Mu + H2 and D + H2 reactions, over
wide temperature ranges, confirm the generally excellent level
of agreement found in similar comparisons for the Heμ + H2

reaction, strongly supporting a claim41 that the topic of ther-
mal reaction rates on the H3 system is effectively a “solved
problem.” There are very few examples in molecular quan-
tum mechanics where a similar claim can be substantiated.

Any number of new experiments comparing the rates of
Mu and Heμ reactivity suggest themselves, both on early
barrier surfaces such as Mu + F2 (Refs. 12 and 15) or Mu
+ N2O,21 where the demonstrated propensity for Mu tun-
neling would be dramatically offset by the much heavier
Heμ atom mass, or on late-barrier surfaces such as Mu
+ CH4, which is also an H-atom abstraction reaction like Mu
+ H2,19, 20 and one that exhibits the highest activation en-
ergy yet measured in gas-phase Mu reactivity, about 1 eV.109

The effect of the much heavier Heμ mass can again be ex-
pected to exhibit a huge increase in rate compared to the
Mu-atom reaction due to dramatic changes in ZPE contribu-
tions at the transition state. Moreover, the CH5 reaction sys-
tem is an important starting point for the understanding of re-
action rates on polyatomics, including recent studies of both
ICVT/LAT (Refs. 19 and 20) and quantum calculations110–112

of the Mu + CH4 rate. A study of the Heμ + CH4 reac-
tion rate could provide a unique test of reaction rate theory
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in the CH5 system. Finally, it can be remarked that future
studies comparing Mu and Heμ reactivity can be carried out
on the same beam line and with the same apparatus, thereby
reducing the level of systematic error that can often plague
results of isotopic rate comparisons reported from different
laboratories.
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